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Random variable & use of 

expected value in decision 

making



Random Variables
A random variable represents a numerical value associated

with each outcome of a probability distribution.

The function of assigning a real number to every sample point in the

sample space is called as random variable

E.G.:
a) Tossing a 2 coin, outcome is 4

(HH, HT, TH, TT)
b)Throw a die twice; Count the number of times the number
6 appears (0, 1 or 2 times)

The number of Heads or number of dice is
Denoted by “X”. It takes the values 0,1, & 2., Here “X” is
called as random variable.



Expected value of a random variable

• Expected value is an extremely useful  concept for 

gooddecision-making!

• Expected value is just the average or mean (µ) of

random variable x.
• It’s sometimes called a “weighted average”  because 

more frequent values of X are weighted  more highly 

in the average.
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1] Discrete random variable

➢ A random variable is discrete if it has a finite or countable 

number of possible outcomes that can be listed. 

➢ Discrete random variables produce outcomes that come from a 
counting process (e.g. number of classes you are taking).

➢ This probability function is also called as “Probability Mass 
Function” & its distribution is called as “ Discrete Probability  
Distribution”



Examples: 

➢Roll a die twice

Let  X  be the number of times 4 occurs 
(then  X  could be 0, 1, or 2 times)

➢Toss a coin 5 times. 
Let  X  be the number of heads

(then  X  = 0, 1, 2, 3, 4, or 5).

➢The number of students in a statistics class
Let X be the number of students

(then X = 10,15,20……)



2] Continuous random variable

✓ A random variable is continuous if it has an infinite or  

uncountable number or possible outcomes, represented by 

the intervals on a number line. 

✓ Continuous random variables produce outcomes that come from a 
measurement (e.g. your annual salary, or your weight).

✓ This probability function is also called as “Probability Density 
Function” & its distribution is called as “ Continuous Probability  
Distribution” 



A continuous random variable is a variable that can assume any value

on a an uncountable number of values.

➢thickness of an item

➢time required to complete a task
➢temperature of a solution
➢height, in inches

Example:
A distance of your car travels
The distance your car travels is a continuous random

variable because it is a measurement that cannot be

counted. (All measurements are continuous random

variables.)

These can potentially take on any value depending only on the ability

to precisely and accurately measure.
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1]Binomial Distribution:-
It is a discrete probability distribution. It is also called as 

“Bernoulli Distribution”. 

It expresses the probability of one set of different alternatives 

I,e success [p] or failure [q]. The probability of occurrence of an event 

is “p” & its non occurrence is “q”.

Binomial distribution as the prefix “Bi” shows 2 possibilities 

that is, the distribution in which the probability of an event is either to 

happen or not to happen i,e either success or failure & no other 

alternative results.



Examples

A] Toss of a coin 
(Head or Tail)

B] Result of a student 
appearing in a test

(Pass or Fail)

C]Survival of an organism 
in a region 

(Live or Die)



HISTORY OF BINOMIAL

➢Swiss mathematician James Bernoulli

[1654 – 1705], in a proof published in 1713,

determined that the probability.

➢After his death. Hence the name binomial

distribution was propounded.

➢The work of James was published in ARTS

CONJECTANDI IN BASEL IN 1713.



When to use the binomial distribution

Independent variables



Features 

➢It is a discrete distribution which gives the theoretical 

probabilities.

➢It depends on the 2 parameters p or q

➢Mode of binomial distribution is equal to value of x which 

has largest frequency

➢Shape & location of a binomial distribution changes as ‘p’ 

changes for a given ‘n’ or ‘n’ changes for a given ‘p’.

➢Binomial co – efficient are given by the Pascal’s Triangle

➢It should be independent variable.



Importance or Uses

➢It is very useful in decision making in the business world. It is 

widely used in quality control.

➢It is useful in describing various events of real life based on 

information.

➢It is useful in study of various measures of central tendency, 

variation, moments, skewness & kurtosis

➢It helps in comparing the symmetry or asymmetry of the observed 

data with the expected frequency distribution

➢It reveals that the possibility of outcome of any trial does not change  

& is independent of the results of previous trails.



Assumptions or conditions
➢The number of trails is finite , fixed & small

➢In every trail, the number of possible outcomes is only 2 [ 

success or failure]

➢The trials are independent, i,e the outcome of one trail 

does not affect the other trial

➢The probability of success is denoted by ‘p’ & is fixed ‘q’ 

is the probability of failure & is equal to 1 – p

➢The number of success ‘X’ in ‘n’ trails of a binomial 

experiment is called a binomial random variable

➢The trails or events must be repeated under identical 

conditions.



APPLICATIONS OF BINOMIAL DISTRIBUTION

➢If a new drug is introduced to cure a disease then it either

cure the disease or doesn’t.

➢If a person purchase a lottery ticket then he is either going

to win it or not.

➢The number of successful sale calls.

➢The no of defective products in a production run.

➢The house agent can provide suitable accommodation for

75% out of clients approach him.

➢To find out the defective events from the samples chosen

➢Number of arrows hitting a target at a certain number of

times out of ‘n’ times given.



Fitting a Binomial distribution

STEPS:

➢ Find out the value of p & q

➢ Expand the binomial (q + p)n.

➢ Find out the value of N (p + q)n

➢ S and F (success and failure) denote two possible categories of all 
outcomes.

➢ P(S) = p (p = probability of success)

➢ P(F) = 1 – p = q (q = probability of failure)

➢ n =denotes the number of fixed trials.



Binomial Probability Formula.

Npr = Nncr pr q n-r

N = no. of times an experiment is repeated

n= no. of outcomes 

p= rate of success

q= rate of failure 

r= expected frequency of success



( )
1

x a x a+ = +

A binomial is a polynomial with two terms such as x + a.  Often we need to raise a binomial 
to a power.  In this section we'll explore a way to do just that without lengthy multiplication.

( )
2 2 22x a x ax a+ = + +

( )
3 3 2 2 33 3x a x ax a x a+ = + + +

( )
4 4 3 2 2 3 44 6 4x a x ax a x a x a+ = + + + +

Can you see a pattern?

Can you make a guess what 

the next one would be?

( )
5

x a+ =
5 4 2 3 3 2 4 5__ __ __ __x ax a x a x a x a+ + + + +

We can easily see the pattern on the x's and the a's.  But what about the 

coefficients?  Make a guess and then as we go we'll see how you did.

( )
0

1x a+ =



( )
1

1 1x a x a+ = +

Let's list all of the coefficients on the x's and the a's and look for a pattern.  

( )
2 2 21 2 1x a x ax a+ = + +

( )
3 3 2 2 31 3 3 1x a x ax a x a+ = + + +

( )
4 4 3 2 2 3 41 4 6 4 1x a x ax a x a x a+ = + + + +

( )
0

1x a+ =

1

1     1

1     2     1 

1     3     3     1

1     4     6     4     1

+

+ +

+ + +

Can you guess 

the next row?

1     5     10   10    5     1

+ + + +

( )
5

x a+ = 5 4 2 3 3 2 4 51 5 10 10 5 1x ax a x a x a x a+ + + + +



1

1     1

1     2     1 

1     3     3     1

1     4     6     4     1

1     5     10   10    5     1

This is called Pascal's Triangle and would give us the coefficients for a 

binomial expansion of any power if we extended it far enough.

This is good for lower 

powers but could get 

very large.  We will 

introduce some 

notation to help us and 

generalise the 

coefficients with a 

formula based on what 

was observed here.



Pascal’s Triangle 

(a+b)n

1  1

1  2  1

1   3   3 1

1   4   6   4   1

1   5  10  10 5   1

10 ways to get to the 3rd position numbering each of the terms from 0 to 5.  
this can also be calculated by using  nCr button on your calculator 5C2=10

nCr

5C0 1

5C1 5

5C2 10

5C3 10

5C4 5

5C5 1



Pascal’s Triangle 

(a+b)n

1  1

1  2  1

1   3   3 1

1   4   6   4   1

1   5  10  10 5   1

nCr n!÷(c!x(n-c)!)

5C0 5!÷(0!x5!) 1

5C1 5!÷(1!x4!) 5

5C2 5!÷(2!x3!) 10

5C3 5!÷(3!x2!) 10

5C4 5!÷(4!x1!) 5

5C5 5!÷(5!x0!) 1



Binomial Probability Theorem 

The binomial theorem is used to calculate the probability for the outcomes of repeated 
independent and identical trials. If p is the probability of success and q is the probability 
of failure (q = 1 - p), then the probability of x successes in n trials is:

P(x successes) = nCx px qn - x

1. Hockey cards, chosen at random from a set of 20, are
given away inside cereal boxes. Stan needs one more 
card to complete his set, so he buys five boxes of cereal.  
What is the probability that he will complete his set?

  

n = 5 (number of trials)

x = 1 (number of successes)

p =
1

20
 (probability of success)

q =
19

20
 (probability of failure)

P(x successes) = nCx px qn - x

  
P(1 success ) =5 C1 

1

20

  
  

  
  

1


19

20

  
  

  
  

4

= 0.2

The probability of Stan completing 
his set is 20%.



2. Seven coins are tossed. What is the probability of 
four tails and three heads?

P(x successes) = nCx px qn - x

= 0.273

3. A true-false test has 12 questions. Suppose you guess all 12.
What is the probability of exactly seven correct answers?

P(x successes) = nCx px qn - x

= 0.193

The probability of seven 
correct answers is 19%.

The probability of four heads 
and three tails is 27%.

Binomial Distribution - Applications

n =  7  (number of trials)

x =  4  (number of successes)

p =       (probability of success)

q =       (probability of failure)

1

2
1

2

P(4 successes) =
7 4

4 31

2

1

2
C  ( ) ( )

n =  12  (number of trials)

x =  7  (number of successes)

p =      (probability of success)
1

2

q =      (probability of failure)
1

2

P(7 successes) =
12 7

7 51

2

1

2
C  ( ) ( )



Properties of Binomial disribution

1] there are 2 parameters p& q where n = no. of outcomes

2]Mean, µ = n*p

3]Std. Dev. s =

4] Variance, =n*p*q
5] skewness
6] kurtosis 
7] if p = q = 0.5 the binomial distribution is said to be 
symmetrical
8] if p < 0.5 it is positively skewed, if p> 0.5 it is 
negatively skewed



Poisson  
Distribution



Poisson Distribution
It is a discrete probability distribution & is very widely used in

statistical work. It is been called as “Law of improbable events”. It is
also known as probability distribution of rare events.

It may be expected in cases where the chance of any individual 
event being a success is small.

It is a technique of calculating the probability of an event. It is 
applied when the probability of non occurrence of an event is 
impossible to predict or find out.

A Binomial distribution can be approximated by a
Poisson distribution if ‘n’ is large & ‘p’ is small.

EXAMPLE:

✓The number of scratches in a car’s paint
✓The number of mosquito bites on a person
✓The number of computer crashes in a day
✓Number of accidents in a road



➢Discovered by Mathematician Simeon D 

Poisson in France in 1837 [1781- 1840].

➢the first application was the description of the 

number of deaths by horse kicking in the 

Prussian army.

➢The modeling distribution that takes his name was 

originally derived as an approximation to the 

binomial distribution.

➢Applied in death of infants, the number of 

misprints in a book, the number of customers 

arriving, and the number of activations of a Geiger 

counter.

HISTORY OF POISSON DISTRIBUTION



Why Poisson distribution is used

➢When there is a large number of trials, but a small probability of 

success, binomial calculation becomes impractical. 

➢ Some events are rather rare - they don't happen that often. 

For instance, car accidents are the exception rather than the rule. 

Still, over a period of time, we can say something about the 

nature of rare events. 

Example:

Number of the death from horse kicks in the army in different 

years.



CONDITIONS OR ASSUMPTIONS

• Counting the number of times a success occur in an interval

• Probability of success the same for all intervals of equal size

• Number of successes in interval independent of number of 

successes in other intervals 

• Probability of success is proportional to the size of the interval 

• Intervals do not overlap.

• No. of trials is indefinitely large n →

• Probability of success p for each trialis very small p →0

• Mean is a finite number given by np = 



APPLICATIONS OF POISSON DISTRIBUTION 

• It is used in quality control statistics to count the numbers of defects 

of any item 

• In biology to count the number of bacteria

• In physics to count the number of particles emitted from a radio active 

substance

• In insurance problems to count the number of casualities

• In waiting time problems to count the number of incoming telephone 

number of incoming telephone calls or incoming customers

• The number of typographical errors per page in typed material  



Features

➢It is a discrete distribution

➢It is applied in a situation where value of p is very small 

&  q is very large

➢It is a skewed distribution

➢Main parameter of this distribution is mean = np

➢It depends mainly on the value of the mean & the values 

are constant

➢Its arithmatic mean in relative distribution is p & absolute 

distribution is np



Formula

r !

P ( r )  = probabilityof r"successes" given m

r : 0,1,2,3…. Expected number of times

m  : mean - expected (average) number of "successes"

e: 2.71828 constant (base of natural logs)

 [ Pois] is the shape parameter which indicates the average 

number of events in the given time interval. 

e−mm r
P (r) = X ~ P()



Properties of Poisson distribution

Mean

◼ Variance 

◼ Standard Deviation

◼ Skewness

◼ Kurtosis

◼ μ1= 0,   μ2= m,   μ3= m  &    μ4= m + 3m2

λμ =

λσ2 =

λσ =

β1 = 1/ m

β2 = 3 + 1/ m







CONTINUOUS 

PROBABILITY 
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Normal
Distribution



Normal Distribution

The normal distribution is a descriptive model that describes 

real world situations. It is defined as a continuous frequency 

distribution of infinite range. 

This is the most important probability distribution in statistics 

& important tool in analysis of epidemiological data & management 

science.

It is mainly used to study the behaviour of continuous random 

variable like weight, height etc.. The normal distribution is an 

approximation to binomial distribution.

When the number of trials or experiments become large the 

occurrence of an event p & non occurrence of the event q tends to be 

equal.

In such a situation the approximation of the events should be 

taken into consideration. The limiting frequency curve obtained as n 

becomes large is called normal distribution curve.



HISTROY
➢1ST discovered by Abrham De Moivre

in 1733 { 1667- 1754] an English 

mathematician to solve the problems in 

games of chances.

➢Rediscovered by Carl Friedrich Gauss 

an German mathematician in 1809 [1777 

– 1855]. Who 1st developed a 2 

parameter exponential function.He called 

as “ Prince of Mathematician”.

➢And also La place an French 

mathematician in 1812 [ 1749 – 1827]

➢Both rediscovered… it was applied in 

natural & social sciences.

➢The normal distribution also as 

“Gaussian distribution” [ Gaussian Law 

of Error] & “Gaussian Curve”

De Moivre

Gauss



The Graph of Normal Distribution

➢ ‘Bell Shaped’

➢Symmetrical

➢Mean,  Median and Mode
are Equal

➢Location is determined by the 
mean, μ

➢Spread is determined by the 
standard deviation, σ

➢Classified by 2 parameters: Mean (m) 
and standard deviation (s).

➢The random variable has an 
infinite theoretical range: +  to  −


= Mean 
= Median
= Mode

X

f(X)

μ

σ



Tripthi M. Mathew, MD, MPH

Characteristics of Normal Distribution

➢It links frequency distribution to probability distribution.

➢Has a Bell Shape Curve and is Symmetric.

➢It is Symmetric around the mean:
Two halves of the curve are the same (mirror images).

Hence Mean = Median

➢The total area under the curve is 1 (or 100%)

➢Normal Distribution has the same shape as Standard Normal 

Distribution.

➢In a Standard Normal Distribution: 

The mean (μ ) = 0         and  Standard deviation (σ) =1



The Standardized Normal

Any normal distribution (with any mean and standard
deviation combination) can be transformed into the
standardized normal distribution (Z)

Need to transform X units into Z units

The standardized normal distribution (Z) has a mean of 0
and a standard deviation of 1



Translation to the Standardized 
Normal Distribution

Translate from X to the standardized normal (the “Z” 

distribution) by subtracting the mean of X and 

dividing by its standard deviation:

σ

μX
Z

−
=

The Z distribution always has mean = 0 and standard
deviation = 1



Total area =1; symmetric around µ





13.6%

2.2%

0.15

-3       -2        -1          μ             1           2           3

Diagram of Normal Distribution Curve 
(z distribution)

33.35%

33.35 + 13.6 + 2.2 + 0.15 %  =  50% 



Tripthi M. Mathew, MD, MPH

Skewness

❑Positive Skewness: Mean ≥ Median

❑Negative Skewness: Median ≥ Mean

❑Pearson’s Coefficient of Skewness3:

= 3 (Mean –Median)

Standard deviation





Properties of the Normal Density Curve

7. The Empirical Rule: 

About 68% of the area under the graph is 

within one standard deviation of the mean. 

About 95% of the area under the graph is 

within two standard deviations of the mean. 

About 99.7% of the area under the graph is 

within three standard deviations of the mean.





The beauty of the normal curve: 

No matter what m and s are, the area between m-s and 

m+s is about 68%; 

the area between m-2s and m+2s is about 95%; and 

the area between m-3s and m+3s is about 99.7%.  

Almost all values fall within 3 standard deviations. 



68-95-99.7 Rule

68% of 

the data

95% of the data

99.7% of the data



Tripthi M. Mathew, MD, MPH

Application/Uses of Normal Distribution

➢ It’s application goes beyond describing distributions

➢It is used by researchers and modelers.

➢The major use of normal distribution is the role it plays in statistical 
inference. 

➢The z score along with the t –score, chi-square and F-statistics is important 
in hypothesis testing.

➢It helps managers/management make decisions.



The Standardized
Normal Distribution

Also known as the “Z” distribution

Mean is 0

Standard Deviation is 1

Z

f(Z)

0

1

Values above the mean have positive Z-values, Values 
below the mean have negative Z-values



By varying the parameters μ and σ, we obtain different
normal distributions

Many Normal Distributions



The Normal Distribution 
Shape

X

f(X)

μ

σ

Changing μ shifts the distribution left or right.

Changing σ increases or 
decreases the spread μ



Exercise # 1

Then:

1) What area under the curve is above 80 

beats/min?



13.6%

2.2%

0.15

-3       -2        -1          μ            1           2             3

Diagram of Exercise # 1

0.159

33.35%



Exercise # 2

Then:

2) What area of the curve is above 90 beats/min?



13.6%

2.2%

0.15

-3       -2        -1          μ            1         2           3

Diagram of Exercise # 2

0.023

33.35%



Exercise # 3

Then:

3) What area of the curve is between

50-90 beats/min? 



13.6%

2.2%

0.15

-3       -2     -1     μ            1           2             3

Diagram of Exercise # 3

0.954

33.35%



Example

If  X  is distributed normally with mean of 100 and 

standard deviation of 50, the  Z  value for  X = 200

is

This says that X = 200 is two standard deviations (2

increments of 50 units) above the mean of 100.

2.0
50

100200

σ

μX
Z =

−
=

−
=



Comparing  X  and  Z  units

Z

100

2.00

200 X

Note that the shape of the distribution is the same, only

the scale has changed. We can express the problem in

original units (X) or in standardized units (Z)

(μ = 100, σ = 50)

(μ = 0, σ = 1)



Finding Normal Probabilities

a b X

f(X) P a X b( )≤

Probability is measured by the area under
the curve

≤

P a X b( )<<=

(Note that the
probability of any
individual value is
zero)



Notation for the Probability of a Standard Normal 

Random Variable

P(a < Z < b)    represents the probability a      

standard normal random variable is

between a and b

P(Z > a) represents the probability a

standard normal random variable is 

greater than a.

P(Z < a) represents the probability a standard 

normal random variable is less than a.





The Standardized Normal Table

The value within the table 
gives the probability from Z 
= −  up to the desired Z 
value

.9772

2.0P(Z < 2.00) = 0.9772

The row shows 
the value of Z to 
the first decimal 
point

The column gives the value of Z to the 
second decimal point

2.0

.

.

.

(continued)

Z       0.00     0.01     0.02 …

0.0
0.1



The Empirical Rule

μ ± 2σ covers about 95% of X’s

μ ± 3σ covers about 99.7% of X’s

xμ

2σ 2σ

xμ

3σ 3σ

95.44% 99.73%

(continued)



Comparison between binomial and normal 

distributions


