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MODULE-1 

INTRODUCTION 

 

INTRODUCTION 

“Operations Research (Management Science) is a scientific approach to decision 

making that seeks to best design and operate a system, usually under conditions 

requiring the allocation of scarce resources.” 

The British/Europeans refer to "Operational Research", the Americans to 

"Operations Research" - but both are often shortened to just "OR" (which is the 

term we will use). 

Another term which is used for this field is "Management Science" ("MS"). The 

Americans sometimes combine the terms OR and MS together and say "OR/MS" or 

"ORMS". 

 

MEANING 

Operational research is the application of the methods of science to complex 

problems arising in the direction and management of large systems of men, 

machines, materials and money in industry, business, government, and defense.  

The distinctive approach is to develop a scientific model of the system, 

incorporating measurements of factors such as chance and risk, with which to 

predict and compare the outcomes of alternative decisions, strategies or controls. 

The purpose is to help management determine its policy and actions scientifically. 

Operations research is concerned with scientifically deciding how to best design 

and operate man-machine systems, usually under conditions requiring the allocation 

of scarce resources. 

In Short, Operations Research is a discipline that deals with the application of 

advanced analytical methods help to make better decisions. 
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 DEFINITIONS 

‘OR is the application of scientific methods, techniques and tools to problems 

involving operations of systems so as to provide those in control of operations with 

optimum solutions to the problems’.                     -Churchman, Ackoff and Arnoff 

 

 ‘‘Operations Research is a scientific method of providing executive departments 

with a quantitative basis for decisions regarding the operations under their control’’.                      
          — P.M. Morse and G.F. Kimball  

 

‘Operations Research is the attack of modern science on problems of likelihood that 

arise in the management and control of men and machines, materials and money in 

their natural environment, its special technique is to invent a strategy of control by 

measuring, comparing and predicting probable behaviour through a scientific model 

of a situation’.                                                   — Stafford Beer  

 

OR utilizes the planned approach (updated scientific method) and an inter-

disciplinary team in order to represent complex functional relationships as 

mathematical models for purpose of providing a quantitative basis for decision 

making and uncovering new problems for quantitative analysis.                               
                                                        - Thieanfand’Klekamp  

 

OR is a scientific method of providing executive with an analytical and objective 

basis for decisions.                              - P.M.S. Blacket 

 

“O.R. is applied decision theory, which uses any scientific, mathematical or logical 

means to attempt to cope with the problems that confront the executive, when he 

tries to achieve a thorough-going rationality in dealing with his decision problem”.                                                 
                 –D.W.Miller & M.K.Starr 
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Saaty considers O.R. as tool of improving quality of answers. He says, “O.R. is the 

art of giving bad answers to problems which otherwise have worse answers”.  

Pocock stresses that O.R. is an applied Science. He states “O.R. is scientific 

methodology (analytical, mathematical, and quantitative) which by assessing the 

overall implication of various alternative courses of action in a management system 

provides an improved basis for management decisions”. 

From these definitions, we can state that Operational research can be considered as 

being the application of scientific method by interdisciplinary teams to problems 

involving the control of organized (man-machine) systems so as to provide 

solutions which best serve the purposes of the organization as a whole.  

 

ORIGIN AND DEVELOPMENT OF OPERATIONS RESEARCH 

The subject of Operations Research (OR) was developed in military context during 

World War II, pioneered by the British scientists. At that time, the military 

management in England appointed a study group of scientists to deal with die 

strategic and tactical problems related to air and land defence of the country. The 

main reason for conducting the study was that they were having very limited 

military resources. It was, therefore, necessary to decide upon the most effective 

way of utilizing these resources. As the name implies, operations research was 

apparently invented because the team was dealing with research on (military) 

operations. The scientists studied the various problems and on the basis of 

quantitative study of operations suggested certain approaches which showed 

remarkable success. 

The encouraging results obtained by the British operations research teams 

consisting of personnel drawn from various fields like mathematics, physics, 

biology, psychology and other physical sciences, quickly motivated the United 

States military management to start similar activities. Successful innovations of the 

US teams included the development of new flight patterns, planning sea mining and 

effective utilization of electronic equipment. Similar OR teams also started 

functioning in Canada and France. These OR teams were usually assigned to the 

executive-incharge of operations and as such their work came to be known as 

‘Operational Research’ in the UK and by a variety of names in the United States: 



         ֎NN 
5 

‘operational analysis, operations evaluation, operations research, systems analysis, 

systems evaluation and systems research. The name ‘operational research’ or 

‘operations research’ or simply OR is most widely used nowadays all over the 

world, for the new approach to systematic and scientific study of the operations of 

the system. Till the 1950s, use of operations research was mainly confined to 

military purposes. 

After the end of World War II, the success of military teams attracted the attention 

of industrial managers who were seeking solutions to their complex managerial 

problems. At the end of the War, expenditures on defence research were reduced in 

the UK and this led to the release of many OR workers from the military at a time 

when industrial managers were confronted with the need to reconstruct most of 

Britain’s manufacturing industries and plants that had been damaged in War. 

Executives in such industries sought assistance from the said OR workers. But in 

the USA, most war experienced operations research workers remained in military 

service as the defence research was increased and consequently, operations research 

was expanded at the end of the War. It was only in the early 1950s, that industry in 

the USA began to absorb the operations research workers under the pressure for 

increased demands for greater productivity originated because of the outbreak of the 

Korean conflict and because of technological developments in industry! Thus, 

operations research began to develop in industrial field in the United States since 

the year 1950. The Operations Research Society of America was formed in 1953 

and the International Federation of Operations Research was formed in 1957. 
Societies were established. Various journals relating to operations research began to 

appear in different countries in the years that followed the mid-1950s. Courses and 

curricula in operations research in different universities and other academic 

institutions began to proliferate in the United States. Other countries rapidly 

followed suit and thus, Operations Research came to be applied for solving business 

and industrial problems. Introduction of Electronic Data Processing (EDP) methods 

further enlarged the scope for application of OR techniques. With the help of a 

digital computer many complex problems can be studied on a day-to-day basis. As 

a result, many industrial concerns are adopting OR as an integrated decision-

making tool for their routine decision procedures. 
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CHARACTERISTICS OF OPERATIONS RESEARCH 

The different characteristics constituting the nature of OR can be summed up as 

follows:  

1. Interdisciplinary team approach: Operations research has the characteristics 

that it is done by a team of scientists drawn from various disciplines such as 

mathematics, statistics, economics, engineering, and physics. It is essentially an 

interdisciplinary team approach. Each member of the OR team is benefited from the 

viewpoint of the other, so that a workable solution obtained through such a 

collaborative study has a greater chance of acceptance by management.  

 

2. Systems approach: Operations research emphasizes on the overall approach to 

the system. This characteristic of OR is often referred to as system orientation. The 

orientation is based on the observation that in the organized systems the behaviour 

of any part ultimately has some effect on every other part. But all these effects are 

not significant and even not capable of detection. Therefore, the essence of system 

orientation lies in the systematic search for significant interactions in evaluating 

actions of any part of the organization. In O.R., an attempt is made to take account 

of all the significant effects and to evaluate them as a whole. OR thus considers the 

total system for getting the optimum decisions. 

 

 3. Helpful in improving the quality of solution: Operations research cannot give 

perfect answers or solutions to the problems. It merely gives bad answers to the 

problems which otherwise have worst answers. Thus, OR simply helps in 

improving the quality of the solution but does not result in perfect solution 

 

4. Scientific method: Operations research involves scientific and systematic attack 

of complex problems to arrive at the optimum solution. In other words, it uses 

techniques of scientific research. Thus it comprehends both aspects, i.e., it includes 

both scientific research on the phenomena of operating systems and the associated 

engineering activities aimed at applying the results of research. 

5. Goal-oriented optimum solution: Operations research tries to optimize a well-

defined function subject to given constraints and as such is concerned with the 

optimization theory.  
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6. Use of models: Operations research uses models built by quantitative 

measurement of the variables concerning a given problem and also derives a 

solution from the model using one or more of the diversified solution techniques. A 

solution may be extracted from a model either by conducting experiments on it or 

by mathematical analysis. The purpose is to help the management to determine its 

policy and actions scientifically. 

 

7. Requires willing executives: Operations research does require the willingness on 

the part of the executive for experimentation to evaluate the costs and the 

consequences of the alternative solutions of the problem. It enables the decision-

maker to be objective in choosing an alternative from among many possible 

alternatives. 

 

 8. Reduces complexity: Operations research tries to reduce the complexity of 

business operations and does help the executive in correcting a troublesome 

function and to consider innovations which are too costly and complicated to 

experiment with the actual practice. In view of this above, OR must be viewed both 

as a science and as an art. As science, OR provides mathematical techniques and 

algorithms for solving appropriate decision problems. OR is an art because success 

in all the phases that precede and succeed the solution of a problem largely depends 

on the creativity and personal ability of the decision-making analysts. 

 

MODELS & MODELING  

A model in OR is a simplified representation of an operation, or is a process in 

which only the basic aspects or the most important features of a typical problem 

under investigation are considered. The objective of a model is to identify 

significant factors and interrelationships. The reliability of the solution obtained 

from a model depends on the validity of the model representing the real system.  

A good model must possess the following characteristics: 

1) It should be capable of taking into account, new formulation without having 

any changes in its frame. 

2) Assumptions made in the model should be as small as possible.  



         ֎NN 
8 

3) Variables used in the model must be less in number ensuring that it is simple 

and coherent.  

4) It should be open to parametric type of treatment.  

5) It should not take much time in its construction for any problem. 

 
 

Advantages of a Model 

There are certain significant advantages in using a model. These are: 

1. Problems under consideration become controllable. 

2. It provides a logical and systematic approach to the problem. 

3. It provides the limitations and scope of an activity. 

4. It helps in finding useful tools that eliminate duplication of methods applied to 

solve problems. 

5. It helps in finding solutions for research and improvements in a system. 

6. It provides an economic description and explanation of either the operation, or 

the systems it represents. 

 

 

Classification of Models 

The classification of models is a subjective problem. They may be distinguished as 

follows: 

1. Models by Degree of abstraction 

2. Models by Function/ Purpose 

3. Models by Structure 

4. Models by Nature of an environment 

5. Models by the Extent of generality 

6. Models by Behavior 

7. Models by Method 

8. Models by the Use of Digital Computers 
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1. Models by degree of abstraction 
 

 With then aforesaid liberty in the definition of a model (i.e. it may or may not be a 

physical construct) whatever we sneak or write or read is after all a model. Surely 

when we speak or write we describe some event or whatever which though we 

cannot do perfectly well because of our mastery of the language and the limitations 

too. For example in the case of a cricket match commentary the commentator who 

is modelling the palsy for his audience is usually under time limitations. All such 

models are language models.  

Language models are far more abstract than the concrete model like a globe of the 

earth or the model planes mounted in wind tunnels since they (the concrete models) 

are at once suggestive of the shape or properties or characteristics sought after or the 

modeled entity. However even more abstract than the language models are the 

mathematical models (viz., the break-even equation or linear programming 

formulation of the product mix problem). Because to get the idea of the real life 

situation they represent requires mathematical training and on the top of that 

considerable concentration. 

 

2. Models by Function/ Purpose 
 

Models can also be classified by purpose of its utility. The purpose of a model may 

be descriptive predictive or prescriptive. 

A. Descriptive models: A descriptive model simply describes some aspects of a 

situation based on observations, survey. Questionnaire results or other 

available data. The result of an opinion poll represents a descriptive model.  

B. Predictive models: Such models can answer ‘what if’ type of questions, i.e. 

they can make predictions regarding certain events. For example, based on the 

survey results, television networks such models attempt to explain and predict 

the election results before all the votes are actually counted. 

C. Prescriptive models: Finally, when a predictive model has been repeatedly 

successful, it can be used to prescribe a source of action. For example, linear 

programming is a prescriptive (or normative) model because it prescribes what 

the managers ought to do. 
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3. Models by structure 

These models are represented by (a) Iconic models (b) Analogue models, and (c) 

Mathematical or symbolic models. 

A. Iconic or physical models: They are pictorial representations of real systems 

and have the appearance of the real thing. An iconic model is said to be scaled 

down or scaled up according to the dimensions of the model which may be 

smaller or greater than that of the real item, e.g., city maps, houses blueprints, 

globe, and so on. These models are easy to observe and describe, but are 

difficult to manipulate and are not very useful for the purpose of prediction. 

B. Analog models: These are more abstract than the iconic ones for there is no 

look alike correspondence between these models and real life items. The 

models in which one set of properties is used to represent another set of 

properties are called analog models. After the problem is solved, the solution 

is reinterpreted in terms of the original system. These models are less specific, 

less concrete, but easier to manipulate than iconic models. 

C. Mathematic / Symbolic models: They are most abstract in nature. They 

employ a set of mathematical symbols to represent the components of the real 

system. These variables are related together by means of mathematical 

equations to describe the behaviour of the system. The solution of the problem 

is then obtained by applying well developed mathematical techniques to the 

model. 

 

The symbolic model is usually the easiest to manipulate experimentally and it 

is the most general and abstract. Its function is more explanatory than 

descriptive. 

 

4. Models by nature of an environment 

These models can be further classified into (a) Deterministic models and (b) 

Probabilistic models. 

A. Deterministic models: They are those in which all parameters and functional 

relationships are assumed to be known with certainty when the decision is to 

be made. Linear programming and break-even models are the examples of 

deterministic models. 
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B. Probabilistic / Stochastic models: These models are those in which atleast one 

parameter or decision variable is a random variable. These models reflect to 

some extent the complexity of the real world and the uncertainty surrounding 

it. 

 

5. Models by the extent of generality 

These models can be further categorized into (a) Specific models (b) General 

models 

When a model presents a system at some specific time, it is known as a specific 

model. In these models, if the time factor is not considered, they are termed as static 

models. An inventory problem of determining economic order quantity for the next 

period assuming that the demand in planning period would remain same as that of 

today is an example of static model. Dynamic programming may be considered as 

an example of dynamic model. 

Simulation and Heuristic models fall under the category of general models. These 

models are used to explore alternative strategies which have been overlooked 

previously. 

 

6. Models by Behaviour 

A. Static models: These models do not consider the impact of changes that takes 

place during the planning horizon, i.e. they are independent of time. Also, in 

a static model only one decision is needed for the duration of a given time 

period.  

B. Dynamic models: In these models, time is considered as one of the important 

variables and admits the impact of changes generated by time. Also, in 

dynamic models, not only one but a series of interdependent’ decisions is 

required during the planning horizon. 
 
 

7. Models by Method of Solution 

A. Analytical models: These models have a specific mathematical structure-and 

thus can be solved by known analytical or mathematical techniques. For 
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example, a general linear progra11iming model as well as the specially 

structured transportation and assignment models are analytical models. . 

B. Simulation models: They also have a mathematical structure but they cannot 

be solved by purely using the ‘tools’ and ‘techniques’ of mathematics. A 

simulation model is essentially computer-assisted experimentation on a 

mathematical structure of a real time structure in order to study the system 

under a variety of assumptions. Simulation modelling has the advantage of 

being more flexible than mathematical modelling and hence can be used to 

represent complex systems which otherwise cannot be formulated 

mathematically. On the other hand, simulation has the disadvantage of not 

providing general solutions like those obtained from successful mathematical 

models. 

 
8. Models by Use of Digital Computers 

 The development of the digital computer has led to the introduction of the 

following types of modelling in OR. 

A. Analogue and Mathematical models combined: Sometimes analogue models 

are also expressed in terms of mathematical symbols. Such models may 

belong to both the types (ii) and (iii) in classification 1 above. For example, 

Simulation model is of analogue type but mathematical formulae are also 

used in it. Managers very frequently use this model to ‘simulate’ their 

decisions by summarizing the activities of industry in a scale-down period. 
B. Function models: Such models are grouped on the basis of the function 

being performed. 
      For example, a function may serve to acquaint to scientist with such 

things as-tables, carrying data, a blue-print of layouts, a program 

representing a sequence of operations (like’ in computer programming).  

 

(Hi) Quantitative models. Such models are used to measure the observations. 

For example, degree of temperature, yardstick, a unit of measurement of 

length value, etc. Other examples of quantitative models are: 

 Transformation models which are useful in converting a 

measurement of one scale to another. (e.g., Centigrade vs. 

Fahrenheit conversion scale), and  
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 The test models that act as ‘standards’ against which 

measurements are compared (e.g., business dealings, a specified standard 

production control, the quality of a medicine). 
C. Heuristic models: These models are mainly used to explore alternative 

strategies (courses of action) that were overlooked previously, whereas 

mathematical models are used to represent systems possessing well defined 

strategies. Heuristic models do not claim to find the best solution to the 

problem. 

 

Principles of Modelling  

Let us now outline general principles useful in guiding to formulate the models 

within the context of 0 R. The model building and their users both should be 

consciously aware of the following Ten principles: 

1. Do not build up a complicated model when simple one will suffice 
 Building the strongest possible model is a common guiding principle for 

mathematicians who are attempting to extend the theory or to develop techniques 

that have wide applications. However, in the actual practice of building models 

for specific purposes, the best advice is to “keep it simple”. 

 
2. Beware of molding the problem to fit the technique 

For example, an expert on linear programming techniques may tend to view every 

problem he encounters as required in a linear programming solutions. In fact, not all 

optimization problems involve only linear functions. Also, not all OR problems 

involve optimization. 

 As a matter of fact, not all real-world problems call for operations research! Of 

course, everyone search reality in his own terms, so the field of OR is not unique in 

this regard. Being human we rely on the methods we are most comfortable in using 

and have been most successful within the past. We are certainly not able to use 

techniques in which we have no competence, and we cannot hope to be competent 

in all techniques. 
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We must divide OR experts into three main categories:       

              (i) Technique developers. 

(ii) Teacher and   

(iii) Problem solvers.  

In particular one should be ready to tolerate the behavior, “I have found a 

cure but I am trying to search a disease to fit it” among technique 

developers and teachers. 

 

3. The deduction phase of modelling must be conducted rigorously 

The reason for requiring rigorous deduction is that one wants to be sure that if 

model conclusions are inconsistent with reality, then the defect lie in the 

assumptions. One application of this principle is that one must be extremely careful 

when programming computers. 

Hidden “bugs” are especially dangerous when they do not prevent the program 

from running but simply produce results, which are not consistent with the intention 

of the model.  

 
4.  Models should be validated prior to implementation 
 For example, if a model is constructed to forecast the monthly sales of a particular 

commodity, it could be tested using historical data to compare the forecasts it 

would have produced to the actual sales.  
In case, if the model cannot be validated prior to its implementation, then it can be 

implemented in phases for validation. For example a new model for inventory 

control may be implemented for a certain selected group of items while the older 

system is retained for the majority of remaining items. If the model proves 

successful, more items can be placed within its range. It is also worth noting that 

real things change in time. A highly satisfactory model may very well degrade with 

age. So periodic re-evaluation is necessary. 
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5. A model should never be taken too literally 
For example, suppose that one has to construct an elaborate computer model of 

Indian economy with many competent researchers spending a great deal of time 

and money in getting all kinds of complicated interactions and relationships. 

Under such circumstances, it can be easily believed as if the model duplicates 

itself the real system. This danger continues to increase as the models become 

larger and more sophisticated, as they must deal with increasingly complicated 

problems. 
 

6. A model should neither be pressed to do, nor criticized for failing to do 

that for which it was never intended.  
One example of this error would be the use of forecasting model to predict so far 

into the future that the data on which the forecasts are based have no relevance. 

Another example is the use of certain network methods to describe the activities 

involved in a complex project. A model should not be stretched beyond its 

capabilities. 
 

7. Beware of over-selling a model 
 This principle is of particular importance for the OR professional because most 

nontechnical benefactors of an operations researcher’s work are not likely to 

understand his methods. The increased technicality of one’s methods also increases 

the burden of responsibility on the OR professional to distinguish clearly between 

his role as model manipulator and model interpreter. In those cases where the 

assumptions can be challenged, it would be dishonest to use the model. 

8. Some of the primary benefits of modelling are associated with the process 

of developing the model 
 It is true in general that a model is never as useful to anyone else as it is to those 

who are involved in building it up. The model itself never contains the full 

knowledge and understanding of the real system that the builder must acquire in 

order to successfully model it, and there is no practical way to convey this 

knowledge and understanding properly. 
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In some cases the sole benefits may occur while the model is being developed. In 

such cases, the model may have no further value once it is completed, An example 

of this case might occur when a small group of people attempts to develop a formal 

plan for some subject. The plan is the final model, but the real problem may be to 

agree on ‘what the objectives ought to be’. 

 

9. A model cannot be any better than the information  
That goes into it like a computer program, a model can only manipulate the data 

provided to it; it cannot recognize and correct for deficiencies in input. Models 

may condense data or convert it to more useful forms, but they do not have the 

capacity to generate it. In some situations it is always better to gather more 

information about the system instead of exerting more efforts on modern 

constructions. 
 

  10. Models cannot replace decision makers 
The purpose of OR models should not be supposed to provide “Optimal solutions” 

free from human subjectivity and error. OR models can aid decision makers and 

thereby permit better decisions to be made. However they do not make the job of 

decision making easier. Definitely, the role of experience, intuition and judgment 

in decision-making is undiminished. 
 
 
 

THE METHODOLOGY OF OR 

 When OR is used to solve a problem of an organization, the following seven step 

procedure should be followed:  

Step 1. Formulate the Problem  

OR analyst first defines the organization's problem. Defining the problem includes 

specifying the organization's objectives and the parts of the organization (or system) 

that must be studied before the problem can be solved.  
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Step 2. Observe the System  

Next, the analyst collects data to estimate the values of parameters that affect the 

organization's problem. These estimates are used to develop (in Step 3) and 

evaluate (in Step 4) a mathematical model of the organization's problem. 

Step 3. Formulate a Mathematical Model of the Problem  

The analyst, then, develops a mathematical model (in other words an idealized 

representation) of the problem. In this class, we describe many mathematical 

techniques that can be used to model systems.  

Step 4. Verify the Model and Use the Model for Prediction 

 The analyst now tries to determine if the mathematical model developed in Step 3 

is an accurate representation of reality. To determine how well the model fits 

reality, one determines how valid the model is for the current situation. 

Step 5. Select a Suitable Alternative  

Given a model and a set of alternatives, the analyst chooses the alternative (if there 

is one) that best meets the organization's objectives. Sometimes the set of 

alternatives is subject to certain restrictions and constraints. In many situations, the 

best alternative may be impossible or too costly to determine. 

Step 6. Present the Results and Conclusions of the Study  

In this step, the analyst presents the model and the recommendations from Step 5 to 

the decision making individual or group. In some situations, one might present 

several alternatives and let the organization choose the decision maker(s) choose the 

one that best meets her/his/their needs. After presenting the results of the OR study 

to the decision maker(s), the analyst may find that s/he does not (or they do not) 

approve of the recommendations. This may result from incorrect definition of the 

problem on hand or from failure to involve decision maker(s) from the start of the 

project. In this case, the analyst should return to Step 1, 2, or 3. 

Step 7. Implement and Evaluate Recommendation 

 If the decision maker(s) has accepted the study, the analyst aids in implementing 

the recommendations. The system must be constantly monitored (and updated 
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dynamically as the environment changes) to ensure that the recommendations are 

enabling decision maker(s) to meet her/his/their objectives. 

 

General Methods for Solving ‘OR’ Models 

Linear Programming 

The most prominent OR technique is linear programming. It is designed for models 

with strict linear objective and constraint functions. Other techniques include 

integer programming (in which the variables assume integer values), dynamic 

programming (in which the original model can be decomposed into smaller sub. 

problems), network programming (in which the problem can be modeled as a 

network), and nonlinear programming (in which the functions of the model are non. 

linear). The cited techniques are but a partial list of the large number of available 

OR tools. A peculiarity of most OR techniques is that solutions are not generally 

obtained in (formula-like) closed forms. Instead, they are determined by algorithms. 

An algorithm provides fixed computational rules that are applied repetitively to the 

problem with each repetition (called iteration) moving the solution closer to the 

optimum. Because the computations associated with each iteration are typically 

tedious and voluminous, it is imperative that these algorithms be executed on the 

computer. . Some mathematical models may be so complex that it is impossible to 

solve them by any of the available optimization algorithms. In such cases, it may be 

necessary to abandon the search for the optimal solution and simply seek a good 

solution using heuristics or rules of thumb. 

Generally three types of methods are used for solving OR models.  

1. Analytic Method 

 If the OR model is solved by using all the tools of classical mathematics such as: 

differential calculus and finite differences available for this task, then such type of 

solutions are called analytic solutions. Solutions of various inventory models are 

obtained by adopting the so-called analytic procedure.  

 

2. Iterative Method 

 If classical methods fail because of complexity of the constraints or of the number 

of variables, then we are usually forced to adopt an iterative method. Such a 
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procedure starts with a trial solution and a set of rules for improving it. The trial 

solution is then replaced by the improved solution, and the process is repeated until 

either no further improvement is possible or the cost of further calculation cannot be 

justified. Iterative method can be divided into three groups: 

a. After a finite number of repetitions, no further improvement will be possible.  

b. Although successive iterations improve the solutions, we are only guaranteed the 

solution as a limit of an infinite process. 

c. Finally we include the trial and error method, which, however, is likely to be 

lengthy, tedious, and costly even if electronic computers are used. 

 

3. The Monte-Carlo Method. The basis of so-called Monte Carlo technique is 

random sampling of variable’s values from a distribution of that variable. Monte-

Carlo refers to the use of sampling methods to estimate the value of non-stochastic 

variables.  

The following are the main steps of Monte-Carlo method: 

 Step 1. In order to have a general idea of the system, we first draw a flow diagram 

of the system.  

Step 2. Then we take correct sample observations to select some suitable model for 

the system. In this step we compute the probability distributions for the variables of 

our interest. 

 Step 3. We, then, convert the probability distributions to a cumulative distribution 

function. 

 Step 4. A sequence of random numbers is now selected with the help of random 

number tables.  

Step 5. Next we determine the sequence of values of variables of interest with the 

sequence of random numbers obtained in step 4. 

 Step 6. Finally we construct some standard mathematical function to the values 

obtained in step 5.Step 3. Step 4. Step 5. 
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Tools and Techniques of OR / Theories for solving OR Models 

Operations Research uses any suitable tools or techniques available. The common 

frequently used tools/techniques are mathematical procedures, cost analysis, 

electronic computation. However, operations researchers given special importance 

to the development and the use of techniques like linear programming, game theory, 

decision theory, queuing theory, inventory models and simulation. In addition to the 

above techniques, some other common tools are non-linear programming, integer 

programming, dynamic programming, sequencing theory, Markov process, network 

scheduling (PERT/CPM), symbolic Model, information theory, and value theory. 

There is many other Operations Research tools/techniques also exists. The brief 

explanations of some of the above techniques/tools are as follows: 

1. Linear programming 

 This technique is used in finding a solution for optimizing a given objective such as 

profit maximization or cost minimization under certain constraints. This technique 

is primarily concerned with the optimal allocation of limited resources for 

optimizing a given function. The name linear programming is because of the fact 

that the model in such cases consists of linear equations indicating linear 

relationship between the different variables of the system. Linear programming 

technique solves product-mix and distribution problems of business and industry. It 

is a technique used to allocate scarce resources in an optimum manner in problems 

of scheduling, product-mix, and so on. Key factors under this technique include an 

objective function, choice among several alternatives, limits or constraints stated in 

symbols and variables assumed to be linear. 
 

2. Waiting line or queuing theory 

 Waiting line or queuing theory deals with mathematical study of queues. Queues 

are formed whenever the current demand for service exceeds the current capacity to 

provide that service. Waiting line technique concerns itself with the random arrival 

of customers at a service station where the facility is limited. Providing too much of 

capacity will mean idle time for servers and will lead to waste of money. On the 

other hand, if the queue becomes long, there will be a cost due to waiting of units in 

the queue. Waiting line theory, therefore, aims at minimizing the costs of both 

servicing and waiting. In other words, this technique is used to analyze the 

feasibility of adding facilities and to assess the amount and cost of waiting time. 

With its help we can find the optimal capacity to be installed which will lead to a 

sort of an economic balance between cost of service and cost of waiting. 
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3. Inventory control/planning 

 Inventory planning aims at optimizing inventory levels. Inventory may be defined 

as a useful idle resource which has economic value, e.g., raw-materials, spare parts, 

finished products, etc. Inventory planning, in fact, answers the two questions, viz., 

how much to buy and when to buy? Under this technique, the main emphasis is on 

minimizing costs associated with holding inventories, procurement of inventories 

and shortage of inventories. 
 

4. Game theory 

 Game theory is used to determine the optimum strategy in a competitive situation. 

The simplest possible competitive situation is that of two persons playing zero-sum 

game, i.e., a situation in which two persons are involved and one person wins 

exactly what the other loses. More complex competitive situations of the real life 

can also be imagined where game theory can be used to determine the optimum 

strategy.   
 

5. Decision theory 

 Decision theory concerns with making sound decisions under conditions of 

certainty, risk and uncertainty. As a matter of fact, there are three different types of 

states under which decisions are made, viz., deterministic, stochastic and 

uncertainty and the decision theory explains how to select a suitable strategy to 

achieve some object or goal under each of these three states. 
 

6. Network analysis 

 Network analysis involves the determination of an optimum sequence of 

performing certain operations concerning some jobs in order to minimize overall 

time and/or cost. Programme Evaluation and Review Technique (PERT), Critical 

Path Method (CPM) and other network techniques such as Gantt Chart comes under 

Network Analysis. Key concepts under this technique are network of events and 

activities, resource allocation, time and cost considerations, network paths and 

critical paths. 
 

7. Simulation 

Simulation is a technique of testing a model which resembles a real life situation. 

This technique is used to imitate an operation prior to actual performance. Two 

methods of simulation are there: One is Monte Carlo method of simulation and the 

other is System Simulation Method. The former one using random numbers is used 

to solve problems which involve conditions of uncertainty and where mathematical 
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formulation is impossible, but in case of System Simulation, there is a reproduction 

of the operating environment and the system allows for analyzing the response from 

the environment to alternative management actions. This method draws samples  

from a real population instead of drawing samples from a table of random numbers. 

 

8. Integrated production models 

 This technique aims at minimizing cost with respect to workforce, production and 

inventory. This technique is highly complex and is used only by big business and 

industrial units. This technique can be used only when sales and costs statistics for a 

considerable long period are available. 
 

9. Non-linear programming 

 NLP is that form of programming in which some or all the variables are 

curvilinear. In other words, this means that either the objective function or 

constraints or both are not in the linear form. In most practical situations, we 

encounter nonlinear programming problems, but for computation purpose we 

approximate them as linear programming problems. Even then, there may remain 

some non-linear programming problems which may not be fully solved by presently 

known methods.  
 

10. Dynamic programming  

 Dynamic programming refers to the systematic search for optimal solutions to 

problems that involve many highly complex inter- relations that are, moreover, 

sensitive to multistage effects such as successive time phases.  
 

11. Heuristic programming, also known as discovery method 

Refers to step by step search toward an optimum when a problem cannot be 

expressed in the mathematical programming form. The search procedure examines 

successively a series of combinations that lead to stepwise improvements in the 

solution and the search stops when a near optimum has been found.  
 

12. Integer programming 

It is a special form of linear programming in which the solution is required in terms 

of integral numbers (i.e., whole numbers) only. 
 

13. Algorithmic programming  

It is just the opposite of heuristic programming. It may also be termed as near 

mathematical programming. This programming refers to a thorough and exhaustive 
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mathematical approach to investigate all aspects of the given variables in order to 

obtain optimal solution. 
 

14. Quadratic programming  

It refers to a modification of linear programming in which the objective equations 

appear in quadratic form, i.e., they contain squared terms. 
 

15. Parametric programming  

It is the name given to linear programming when the later is modified for the 

purpose of inclusion of several objective equations with varying degrees of priority. 

The sensitivity of the solution to these variations is then studied. 
 

16. Probabilistic programming 

It also known as stochastic programming, refers to linear programming that 

includes an evaluation of relative risks and uncertainties in various alternatives of 

choice for management decisions. 
 

17. Markov Process 

 Markov process permits to predict changes over time information about the 

behavior of a system is known. This is used in decision making in situations where 

the various states are defined. The probability from one state to another state is 

known and depends on the current state and is independent of how we have arrived 

at that particular state. 
 

18. Information Theory 

 This analytical process is transferred from the electrical communication field to 

O.R. field. The objective of this theory is to evaluate the effectiveness of flow of 

information with a given system. This is used mainly in communication networks 

but also has indirect influence in simulating the examination of business 

organizational structure with a view of enhancing flow of information. 
 

19. Search theory concerns itself with search problems 

 A search problem is characterized by the need for designing a procedure to collect 

information on the basis of which one or more decisions are made. This theory is 

useful in places in which some events are known to occur but the exact location is 

not known. The first search model was developed during the World War II to solve 

decision problems connected with air patrols and their search for submarines. 

Advertising agencies’ search for customers, personnel departments’ search for good 

executives are some examples of search theory’s application in business.  
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20. The theory of replacement is concerned with the prediction of replacement costs 

and the determination of the most economic replacement policy. There are two 

types of replacement models— one type of models deal with replacing equipment 

that deteriorate with time and the other type of models helps in establishing 

replacement policy for those equipment which fail completely and instantaneously. 
All these techniques are not simple but involve higher mathematics. The 

tendency today is to combine several of these techniques and form more 

sophisticated and advanced programming models. 

 

APPLICATIONS OF OPERATIONS RESEARCH  

Operations research (OR) has gained increasing importance since World War II 

in the technology of business and industry administration. It greatly helps in 

tackling the intricate and complex problems of modern business and industry. 

OR techniques are, in fact, examples of the use of scientific method of 

management. The following are some applications of OR: 

1. OR provides a tool for scientific analysis 

 OR provides the executives with a more precise description of the cause and effect 

relationship and the risks underlying the business operations in measurable terms 

and this eliminates the conventional intuitive and subjective basis on which 

managements used to formulate their decisions decades ago. In fact, OR replaces 

the intuitive and subjective approach of decision-making by an analytical and 

objective approach. The use of OR has transformed the conventional techniques of 

operational and investment problems in business and industry. As such, OR 

encourages and enforces disciplined thinking about organizational problems. 

 
2. OR provides solution for various business problems 

 OR techniques are being used in the field of production, procurement, marketing, 

finance and other allied fields. Problems like how best can managers and executives 

allocate the available resources to various products so that in a given time the 

profits are maximum or the cost is minimum?, Is it possible for an industrial 

enterprise to arrange the time and quantity of orders of its stocks such that the 

overall profit with given resources is maximum? and How far is it within the 

competence of a business manager to determine the number of men and machines to 
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be employed and used in such a manner that neither remains idle and at the same 

time the customer or the public has not to wait unduly long for service? Can be 

solved with the help of OR techniques. Similarly, we might have a complex of 

industries steel, machine tools and others all employed in the production of one 

item, say, steel.  

At any particular time, we have a number of choices of allocating resources such as 

money, steel and tools for producing autos, building steel factories or tool factories. 

What should be the policy which optimizes the total number of autos produced over 

a given period? OR techniques are capable of providing an answer in such a 

situation. 
Planning decisions in business and industry are largely governed by the picture of 

anticipated demands. The potential long-range profits of the business may vary in 

accordance with different possible demand patterns. The OR techniques serve to 

develop a scientific basis for coping with the uncertainties of future demands. Thus, 

in dealing with the problem of uncertainty over future sales and demands, OR can 

be used to generate ‘a least risk’ plan. 

At times there may be a problem of finding an acceptable definition of long-range 

company objectives. Management may be confronted with different viewpoints—

some may stress the desirability of maximizing net profit, whereas others may focus 

attention primarily on the minimization of costs. OR techniques (especially that of 

mathematical programming such as linear programming) can help resolve such 

dilemmas by permitting systematic evaluation of the best strategies for attaining 

different objectives. These techniques can also be used for estimating the worth of 

technical innovations as also of potential profits associated with the possible 

changes in rules and policies. 

How much changes can there be in the data on which a planning formulation is 

based without undermining the soundness of the plan itself? How accurately must 

managements know cost coefficients, production performance figures and other 

factors before it can make planning decisions with confidence? Much of the basic 

data required for the development of long-range plans is uncertain. Such 

uncertainties though cannot be avoided, but through various OR techniques, the 

management can know how critical such uncertainties are and this in itself is a great 

help to business planners. 
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3. OR enables proper deployment of resources 

 OR renders valuable help in proper deployment of resources. For example, 

Programme Evaluation and Review Technique (PERT) enables us to determine the 

earliest and the latest times for each of the events and activities and thereby helps in 

the identification of the critical path. All this helps in the deployment of resources 

from one activity to another to enable the project completion on time. This 

technique, thus helps in determining the probability of completing an event or a 

project by a specified date. 
 

4. OR helps in minimizing the waiting and servicing costs 

 The waiting line or queuing theory helps the management in minimizing the total 

waiting and servicing costs. This technique also analyses the feasibility of adding 

facilities and thereby, helps the business people to take correct and profitable 

decision. 

 

5. OR enables management to decide when to buy and how much to buy              

  The main object of inventory planning is to achieve balance between the cost of 

holding stocks and the benefits from stock holding. Hence, the technique of 

inventory planning enables the management to decide when to buy and how much 

to buy. 

 

6. OR assists in choosing an optimum strategy 

Game theory is specially used to determine the optimum strategy in a competitive 

situation and enables the businessmen to maximize profits or minimize losses by 

adopting the optimum strategy. 

 

7. OR renders great help in optimum resource allocation 

 Linear programming technique is used to allocate scarce resources in an optimum 

manner in problems of scheduling, product-mix, and so on. This technique is 

popularly used by modern managements in resource allocation and in affecting 

optimal assignments. 

 

8. OR facilitates the process of decision-making 

Decision theory enables the businessmen to select the best course of action when 

information is given in a probabilistic form. Through decision tree (a network 

showing the logical relationship between the different parts of a complex decision 

and the alternative courses of action in any phase of a decision situation) technique 

executive’s judgement can systematically be brought into the analysis of the 
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problems. Simulation is another important technique used to imitate an operation or 

a process prior to actual performance. The significance of simulation lies in the fact 

that it enables in finding out the effect of alternative courses of action in a situation 

involving uncertainty where mathematical formulation is not possible. Even 

complex groups of variables can be handled through this technique. 

 

9. Through OR, management can know the reactions of integrated business 

systems: The Integrated Production Models technique is used to minimize cost with 

respect to workforce, production and inventory. This technique is quite complex 

and is usually used by companies having detailed information concerning their sales 

and costs statistics over a long period. Besides, various other OR techniques also 

help management people in taking decisions concerning various problems of 

business and industry. The techniques are designed to investigate how the 

integrated business system would react to variations in its component elements 

and/or external factors. 

10. OR techniques help in the training/grooming of future (or would be) 

managers: In fact, OR techniques substitute a means for improving the knowledge 

and skill of youngsters in the field of management. 

 

APPLICATIONS OF OPERATIONS RESEARCH IN BUSINESS 

Today, almost all fields of business and government utilizing the benefits of 

Operations Research. There are voluminous of applications of Operations Research. 

Although it is not feasible to cover all applications of O.R. in brief. The following 

are the abbreviated set of typical operations research applications to show how 

widely these techniques are used today: 

Accounting:  

 Assigning audit teams effectively  

 Credit policy analysis 

 Cash flow planning  

 Developing standard costs  

 Establishing costs for byproducts  

 Planning of delinquent account strategy 
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Construction:  

 Project scheduling, monitoring and control  

 Determination of proper work force 

 Deployment of work force  

 Allocation of resources to projects 

Facilities Planning: 

 Factory location and size decision  

 Estimation of number of facilities required  

 Hospital planning 

 International logistic system design 

 Transportation loading and unloading  

 Warehouse location decision 

Finance: 

 Building cash management models  

 Allocating capital among various alternatives 

 Building financial planning models 

 Investment analysis 

 Portfolio analysis 

 Dividend policy making 

Manufacturing:  

 Inventory control  

 Marketing balance projection 

 Production scheduling  

 Production smoothing  

Marketing: 

 Advertising budget allocation  

 Product introduction timing  

 Selection of Product mix 

 Deciding most effective packaging alternative  

 



         ֎NN 
29 

Organizational Behavior / Human Resources:  

 Personnel planning  

 Recruitment of employees  

 Skill balancing  

 Training program scheduling  

 Designing organizational structure more effectively 

Purchasing:  

 Optimal buying  

 Optimal reordering  

 Materials transfer 

 Research and Development:  

 R & D Projects control  

 R & D Budget allocation  

 Planning of Product introduction 

 

SCOPE OF OR  

OR techniques, having their origin with war operations analysis during World War 

II, have since assisted defence management to a larger extent. In defence 

management, being vitally concerned with problems of logistics such as 

provisioning, distributing, search and forecasting, OR has given valuable help in 

decision formation. Although OR originated in context of military operations, its 

impact nowadays can be observed in many other areas. It has successfully entered 

into different research areas relating to modern business and industry. In fact, it is 

being reckoned as an effective scientific technique to solve several managerial 

decision making problems such as inventory management problems, resource 

allocation problems, problems relating to replacement of both men as well as 

machines, sequencing and scheduling problems, queuing problems, competitive 

problems, search problems and the like ones. 

The OR approach, though being practiced by big organized business and industrial 

units, is equally applicable to small organizations. For example, whenever a 

departmental store face problems like employing additional sales girls and 
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purchasing an additional van; we apply some techniques of operation research to 

minimize cost and maximize benefit for each such decision. As such it is often said 

that wherever there is a problem there is scope for applying operations research 

techniques. 

In recent years of organized development, operations research has successfully 

entered, apart from its military and business applications, into several other areas of 

research. For instance, the basic problem in most of the developing countries in 

Asia and Africa is to remove poverty as quickly as possible. There is a considerable 

scope to solve this problem by applying operations research techniques. Similarly, 

with the explosion of population and consequent shortage of food, every country is 

facing the problem of optimum allocation of land for various crops in accordance 

with the climatic conditions and the available facilities.  

The problem of optimal distribution of water from a source like a canal for 

irrigation purposes is faced by each developing country. Hence, a good amount of 

scientific work related to the operations research can be done in this direction. Thus, 

there is considerable scope of applying operations research techniques for solving 

problems relating to national planning. National planning can be largely improved 

if an optimum coordination can be arrived through central planning agency by 

resorting to operations research models and techniques. 

In the field of finance, the progress of operations research has been rather slow. 

Financial institutions have many situations similar to those prevailing in other 

commercial organizations. Investment policy must maximize the return on it, 

keeping the factor of risk below a specified level. Long-range corporate objectives 

of an institution are always studied along with functional objectives of individual 

departments, consistency between the two being essential for corporate planning. In 

particular, banking institutions require precise and accurate forecasting on cash 

management and capital budgeting. Linear programming models for many 

problems and quadratic programming formulation for some complex problems may 

prove the usefulness of operations research techniques to credit institutions.  

The application of operations research techniques can as well be noticed in context 

of hospital management, health planning programmes, transportation system and in 

several other sectors. For instance, hospital management quite often faces the 

problem of allotting its limited resources of its multi-phased activities. Optimum 
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allocation of resources so as to ensure a certain desirable level of service to patients 

can be reached through operations research. Similarly, for operating a transportation 

service profitably, an optimum schedule for vehicles and crews becomes necessary. 

Punctuality, waiting time, total travel time, speed of the vehicles and agreement 

with trade unions of crews are some of the variables to be taken into account while 

preparing optimum schedules which can be worked out utilizing operations research 

techniques. 

As stated earlier, operations research is generally concerned with problems that are 

tactical rather than strategic in nature, i.e., its use to long-range organizational 

planning problems is very much limited, but one can hope that with further 

developments taking place in the field, ‘Operations research should be able to deal 

with organizations in their entirety, rather than with slices through them. Managers 

who currently have to treat the whole with only intuition and experience as their 

guides, will then have the methods of science at their disposal as well’. 

This description brings home the point that during the last four decades the scope of 

operations research has extensively been widened and hopefully shall attain new 

strides in the days to come. The art of systems analysis, so well developed in the 

military context, will spread to other contexts, notably such civil government 

branches as criminal justice, urban problems, housing, health care, education and 

social services.  

There is growing awareness amongst the people that unless they make themselves 

familiar with operations research techniques, they would not be able to understand 

and appreciate the problems of modern business units. With computer facilities 

becoming widespread, the significance and scope of operations research is likely to 

grow in the coming years. In fact, the future holds great promise for the growth of 

OR in power, scope and practical importance and utility. OR will continue its 

currently vigorous efforts to reach out to new arenas of exploration and application. 

 

 

 

 

 



         ֎NN 
32 

 

LIMITATIONS OF OPERATIONS RESEARCH 

Operations Research has number of applications; similarly it also has certain 

limitations. These limitations are mostly related to the model building and money 

and time factors problems involved in its application. Some of them are as given 

below: 

1. Distance between O.R. specialist and Manager 

 Operations Researchers job needs a mathematician or statistician, who might not be 

aware of the business problems. Similarly, a manager is unable to understand the 

complex nature of Operations Research. Thus there is a big gap between the two 

personnel. 

 

2. Magnitude of Calculations  

The aim of the O.R. is to find out optimal solution taking into consideration all the 

factors. In this modern world these factors are enormous and expressing them in 

quantitative model and establishing relationships among these require voluminous 

calculations, which can be handled only by machines. 

 

3. Money and Time Costs 

 The basic data are subjected to frequent changes, incorporating these changes into 

the operations research models is very expensive. However, a fairly good solution 

at present may be more desirable than a perfect operations research solution 

available in future or after some time. 

 

4. Non-quantifiable Factors  

When all the factors related to a problem can be quantifiable only then operations 

research provides solution otherwise not. The non-quantifiable factors are not 

incorporated in O.R. models. Importantly O.R. models do not take into account 

emotional factors or qualitative factors. 
 

5. Implementation 

 Once the decision has been taken it should be implemented. The implementation of 

decisions is a delicate task. This task must take into account the complexities of 

human relations and behavior and in some times only the psychological factors. 
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6. Bias 

The operational researchers must be unbiased. An attempt to show results into a 

confirmation of management’s prior preferences can greatly increase the likelihood 

of failure.  

 

7. Inadequate objective functions 

The use of a single objective function is often an insufficient basis for decisions. 

Laws, regulations, public relations, market strategies, etc., may all serve to overrule 

a choice arrived at in this way. 

 

8. Internal resistance 

The implementation of an optimal decision may also confront internal obstacles 

such as trade unions or individual managers with strong preferences for other ways 

of doing the job.  

 

9. Competence 

 Competent OR analysis calls for the careful specification of alternatives, a full 

comprehension of the underlying mathematical relationships and a huge mass of 

data. Formulation of an industrial problem to an OR set programme is quite often a 

difficult task.  

 

10. Reliability of the prepared solution 

 At times, a non-linear relationship is changed into linear for fitting the problem to 

the linear programming pattern. This may disturb the solution. 
 

 

 

SUMMARY 

Operations Research is relatively a new discipline, which originated in World War 

II, and became very popular throughout the world. India is one of the few first 

countries in the world who started using operations research. Operations Research 

is used successfully not only in military/army operations but also in business, 

government and industry. Now a day’s operations research is almost used in all the 

fields.  
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Proposing a definition to the operations research is a difficult one, because its 

boundary and content are not fixed. The tools for operations search is provided 

from the subject’s viz. economics, engineering, mathematics, statistics, psychology, 

etc., which helps to choose possible alternative courses of action. The operations 

research tool/techniques include linear programming, non-linear programming, 

dynamic programming, integer programming, Markov process, queuing theory, etc.  

Operations Research has a number of applications. Similarly it has a number of 

limitations, which is basically related to the time, money, and the problem involves 

in the model building. Day-by-day operations research gaining acceptance because 

it improve decision making effectiveness of the managers. Almost all the areas of 

business use the operations research for decision making. 

 

KEY TERMS  

 OR: Operations Research. 

 MS: Management Science.  

 Symbolic Model: An abstract model, generally using mathematical symbols. 

 Criterion: It is measurement, which is used to evaluation of the results. 

 Integer Programming: is a technique, which ensures only integral values of 

variables in the problem.  

 Dynamic Programming: is a technique, which is used to analyze multistage 

decision process.  

 Linear Programming:  It is a technique, which optimizes linear objective 

function under limited constraints.  

 Inventory Model: these are the models used to minimize total inventory 

costs.  

 Optimization: Means maximization or minimization. 
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MODULE-2 

LINEAR PROGRAMMING 
 

 

INTRODUCTION 

Linear programming is a powerful quantitative technique (or operational research 

technique) designs to solve allocation problem. The term ‘linear programming’ 

consists of the two words ‘Linear’ and ‘Programming’. The word ‘Linear’ is used to 

describe the relationship between decision variables, which are directly 

proportional. For example, if doubling (or tripling) the production of a product will 

exactly double (or triple) the profit and required resources, then it is linear 

relationship. The word ‘programming’ means planning of activities in a manner that 

achieves some ‘optimal’ result with available resources. A programme is ‘optimal’ 

if it maximizes or minimizes some measure or criterion of effectiveness such as 

profit, contribution (i.e. sales-variable cost), sales, and cost. Thus, ‘Linear 

Programming’ indicates the planning of decision variables, which are directly 

proportional, to achieve the ‘optimal’ result considering the limitations within 

which the problem is to be solved. 

Linear Programming is a special and versatile technique which can be applied to a 

variety of management problems viz. Advertising, Distribution, Investment, 

Production, Refinery Operations, and Transportation analysis. The linear 

programming is useful not only in industry and business but also in non-profit 

sectors such as Education, Government, Hospital, and Libraries. The linear 

programming method is applicable in problems characterized by the presence of 

decision variables. The objective function and the constraints can be expressed as 

linear functions of the decision variables. The decision variables represent 

quantities that are, in some sense, controllable inputs to the system being modeled. 

An objective function represents some principal objective criterion or goal that 

measures the effectiveness of the system such as maximizing profits or 

productivity, or minimizing cost or consumption. There is always some practical 

limitation on the availability of resources viz. man, material, machine, or time for 

the system. These constraints are expressed as linear equations involving the 

decision variables. Solving a linear programming problem means determining 
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actual values of the decision variables that optimize the objective function subject 

to the limitation imposed by the constraints. 

The main important feature of linear programming model is the presence of 

linearity in the problem. The use of linear programming model arises in a wide 

variety of applications. Some model may not be strictly linear, but can be made 

linear by applying appropriate mathematical transformations. Still some 

applications are not at all linear, but can be effectively approximated by linear 

models. The ease with which linear programming models can usually be solved 

makes an attractive means of dealing with otherwise intractable nonlinear models. 

 

BASIC ASSUMPTIONS OF LPP 

There are four basic assumptions in LP:  

 Proportionality 

 The contribution to the objective function from each decision variable is 

proportional to the value of the decision variable (The contribution to the 

objective function from making four soldiers (4$3=$12) is exactly four times 

the contribution to the objective function from making one soldier ($3))  

 The contribution of each decision variable to the LHS of each constraint is 

proportional to the value of the decision variable (It takes exactly three times 

as many finishing hours (2hrs3=6hrs) to manufacture three soldiers as it 

takes to manufacture one soldier (2 hrs)) 

 

 Additivity  

 The contribution to the objective function for any decision variable is 

independent of the values of the other decision variables (No matter what the 

value of train (x2), the manufacture of soldier (x1) will always contribute 3x1 

dollars to the objective function)  

 The contribution of a decision variable to LHS of each constraint is 

independent of the values of other decision variables (No matter what the 

value of x1, the manufacture of x2 uses x2 finishing hours and x2 carpentry 

hours)  
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 1st implication: The value of objective function is the sum of the 

contributions from each decision variables. 

 2nd implication: LHS of each constraint is the sum of the contributions from 

each decision variables. 

 

 Divisibility 

 Each decision variable is allowed to assume fractional values. If we actually 

cannot produce a fractional number of decision variables, we use IP (It is 

acceptable to produce 1.69 trains) 

 

 Certainty 

 Each parameter is known with certainty 

 

IMPORTANT ASPECTS 

Decision Variables 

 The decision variables refer to the economic or physical quantities, which are 

competing with one another for sharing the given limited resources. The 

relationship among these variables must be linear under linear programming. The 

numerical values of decision variables indicate the solution of the linear 

programming problem.  

Objective Function 

 The objective function of a linear programming problem is a linear function of the 

decision variable expressing the objective of the decision maker. For example, 

maximization of profit or contribution, minimization of cost/time. 

Constraints  

The constraints indicate limitations on the resources, which are to be allocated 

among various decision variables. These resources may be production capacity, 

manpower, time, space or machinery. These must be capable of being expressed as 

linear equation (i.e. =) on inequalities (i.e. > or < type) in terms of decision 

variables. Thus, constraints of a linear programming problem are linear equalities or 

inequalities arising out of practical limitations. 



         ֎NN 
38 

Non-negativity Restriction 

 Non-negativity restriction indicates that all decision variables must take on values 

equal to or greater than zero. 

Divisibility  

Divisibility means that the numerical values of the decision variables are continuous 

and not limited to integers. In other words, fractional values of the decision 

variables must be permissible in obtaining optimal solution. 

 

LINEAR PROGRAMMING FORMULATION 

The procedure for mathematical formulation of an LP problem consists of the 

following steps: 

 Step-1: Write down the decision variables of the problem. 

Step-2: Formulate the objective function to be optimized (Maximized or 

Minimized) as a linear function of the decision variables.  

Step-3:  Formulate the other conditions of the problem such as resource limitation, 

market constraints and interrelations between variables as linear in equations or 

equations in terms of the decision variables. 

 Step-4: Add the non-negativity constraint from the considerations so that the 

negative values of the decision variables do not have any valid physical 

interpretation.  

The objective function, the set of constraint and the non-negative constraint 

together form a linear programming problem. 

 

The linear programming problem formulation is illustrated through a product mix 

problem. The product mix problem occurs in an industry where it is possible to 

manufacture a variety of products. A product has a certain margin of profit per unit, 

and uses a common pool of limited resources. In this case the linear programming 

technique identifies the products combination which will maximize the profit 

subject to the availability of limited resource constraints. 
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Example:  

Suppose an industry is manufacturing two types of products P1 and P2. The profits 

per Kg of the two products are Rs.30 and Rs.40 respectively. These two products 

require processing in three types of machines. The following table shows the 

available machine hours per day and the time required on each machine to produce 

one Kg of P1 and P2. Formulate the problem in the form of linear programming 

model.      

 

  Solution:-  

The procedure for linear programming problem formulation is as follows: 

 Introduce the decision variable as follows:  

Let x1 = amount of P1 

          x2 = amount of P2 

 In order to maximize profits, we establish the objective function as 

 30x1 + 40x2  

Since one Kg of P1 requires 3 hours of processing time in machine 1 while the 

corresponding requirement of P2 is 2 hours. So, the first constraint can be 

expressed as 

3x1 + 2x2 ≤ 600  

Similarly, corresponding to machine 2 and 3 the constraints are  

3x1 + 5x2 ≤ 800  

5x1 + 6x2 ≤ 1100 
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In addition to the above there is no negative production, which may be represented 

algebraically as  

x1 ≥ 0   ;   x2 ≥ 0 

Thus, the product mix problem in the linear programming model is as follows: 

  Maximize: 30x1 + 40x2  

Subject to: 3x1 + 2x2 ≤ 600  

                        3x1 + 5x2 ≤ 800  

                    5x1 + 6x2 ≤ 1100  

                         x1≥ 0, x2 ≥ 0 

 
 

Formulation with Different Types of Constraints 

The constraints in the previous example are of “less than or equal to” type. In 

this section we are going to discuss the linear programming problem with 

different constraints, which is illustrated in the following Example 

Example: 

A company owns two flour mills viz. A and B, which have different production 

capacities for high, medium and low quality flour. The company has entered a 

contract to supply flour to a firm every month with at least 8, 12 and 24 quintals of 

high, medium and low quality respectively. It costs the company Rs.2000 and 

Rs.1500 per day to run mill A and B respectively. On a day, Mill A produces 6, 2 

and 4 quintals of high, medium and low quality flour, Mill B produces 2, 4 and 12 

quintals of high, medium and low quality flour respectively. How many days per 

month should each mill be operated in order to meet the contract order most 

economically.  

Solution:- 

Let us define x1 and x2 are the mills A and B. Here the objective is to minimize the 

cost of the machine runs and to satisfy the contract order. The linear programming 

problem is given by 
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               Minimize: 

                           2000x1 + 1500x2 

                Subject to: 

   6x1 + 2x2 ≥ 8  

   2x1 + 4x2 ≥ 12  

4x1 + 12x2 ≥ 24  

x1 ≥ 0     x2 ≥ 0 

 

 

Graphical Analysis of Linear Programming 

Linear programming graphical Method Graphical Method is used for solving linear 

programming problems that involve only two variables. 

Closed Half Plane  

A linear inequality in two variables is known as a half plane. The corresponding 

equality or the line is known as the boundary of the half plane. The half plane along 

with its boundary is called a closed half plane. Thus, a closed half plane is a linear 

inequality in two variables, which include the value of the variable for which 

equality is attained. 

 

Feasible Solution  

Any non-negative solution which satisfies all the constraints is known as a feasible 

solution of the problem. 

 

Feasible Region  

The collection of all feasible solutions is known as a feasible region.  

 

Convex Set  

A set (or region) is convex if only if for any two points on the set, the line segment 

joining those points lies entirely in the set. Thus, the collection of feasible solutions 

in a linear programming problem form a convex set. In other words, the feasible 

region of a linear programming problem is a convex set. 
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Convex Polygon 

 A convex polygon is a convex set formed by the intersection of a finite number of 

closed half planes. 

 

Extreme Points or Vertexes or Corner Points  

The extreme points of a convex polygon are the points of intersection of the lines 

bounding the feasible region. The value of the decision variables, which maximize 

or minimize the objective function is located on one of the extreme points of the 

convex polygon. If the maximum or minimum value of a linear function defined 

over a convex polygon exists, then it must be on one of the extreme points. 
 

Redundant Constraint  

Redundant constraint is a constraint, which does not affect the feasible region.  

 

Multiple Solutions  

Multiple solutions of a linear programming problem are solutions each of which 

maximize or minimize the objective function. Under graphical method, the 

existence of multiple solutions is indicated by a situation under which the objective 

function line coincides with one of the half planes generated by a constraint. In 

other words, where both the objective function line and one of constraint lines have 

the same slope. 

 

Unbounded Solution 

 An unbounded solution of a linear programming problem is a solution whose 

objective function is infinite. A linear programming problem is said to have 

unbounded solution if its solution can be made infinitely large without violating any 

of the constraints in the problem. Since there is no real applied problem, which has 

infinite returns, hence an unbounded solution always represents a problem that has 

been incorrectly formulated.  

For example, in a maximization problem at least one of the constraints must be an 

equality’ or ‘less than or equal to’ () type, then there will be no upper limit on the 

feasible region. Similarly for minimization problem, at least one of constraints must 

be an ‘equality’ or ‘a greater than or equal to’ type (>) if a solution is to be 

bounded. Under graphical method, the feasible solution region extends indefinitely. 
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Infeasible Problem  

A linear programming problem is said to be infeasible if there is no solution that 

satisfies all the constraints. It represents a state of inconsistency in the set of 

constraints. 

This section shows how a two-variable linear programming problem is solved 

graphically, which is illustrated as follows: 

Example:  

Suppose an industry is manufacturing two types of products P1 and P2. The profits 

per Kg of the two products are Rs.30 and Rs.40 respectively. These two products 

require processing in three types of machines. The following table shows the 

available machine hours per day and the time required on each machine to produce 

one Kg of P1 and P2. Formulate the problem in the form of linear programming 

model. 

 

 

Solution:-   

The procedure for linear programming problem formulation is as follows: 

 Introduce the decision variable as follows:  

Let x1 = amount of P1 

              x2 = amount of P2 

 In order to maximize profits, we establish the objective function as 

 30x1 + 40x2  

Since one Kg of P1 requires 3 hours of processing time in machine 1 while the 

corresponding requirement of P2 is 2 hours. So, the first constraint can be 

expressed as 3x1 + 2x2 ≤ 600  
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Similarly, corresponding to machine 2 and 3 the constraints are  

3x1 + 5x2 ≤ 800  

5x1 + 6x2 ≤ 1100 

In addition to the above there is no negative production, which may be represented 

algebraically as  

x1 ≥ 0   ;   x2 ≥ 0 

Thus, the product mix problem in the linear programming model is as follows: 

  Maximize: 30x1 + 40x2  

Subject to: 3x1 + 2x2 ≤ 600  

                       3x1 + 5x2 ≤ 800  

                   5x1 + 6x2 ≤ 1100  

                       x1≥ 0, x2 ≥ 0 

From the first constraints 3x1 + 2x2 ≤ 600, draw the line 3x1 + 2x2 = 600 which 

passes through the point (200, 0) and (0, 300). This is shown in the following 

graph as line 1. 
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Half Plane - A linear inequality in two variables is called as a half plane.  

Boundary - The corresponding equality (line) is called as the boundary of the 

half plane.  

Close Half Plane – Half plane with its boundary is called as a closed half plane. 

In this case we must decide in which side of the line 3x1 + 2x2 = 600 the half 

plane is located. The easiest way to solve the inequality for x2 is 3x1 ≤ 600 – 2x2 

And for the fixed x1, the coordinates satisfy this inequality are smaller than the 

corresponding ordinate on the line and thus the inequality is satisfied for all the 

points below the line 1.  

Similarly, we have to determine the closed half planes for the inequalities 3x1 + 

5x2 ≤ 800 and 5x1 + 6x2 ≤ 1100 (line 2 and line 3 in the graph). Since all the three 

constraints must be satisfied simultaneously we have consider the intersection of 

these three closed half planes. The complete intersection of these three closed 

half planes is shown in the above graph as ABCD. The region ABCD is called 

the feasible region, which is shaded in the graph.  

Feasible Solution: Any non-negative value of x1, x2 that is x1 ≥ 0 and x2 ≥ 0 is 

known as feasible solution of the linear programming problem if it satisfies all 

the existing constraints.  

Feasible Region: The collection of all the feasible solution is called as the 

feasible region. 

 

Example-2 

In the previous example we discussed about the less than or equal to type of 

linear programming problem, i.e. maximization problem. Now consider a 

minimization (i.e. greater than or equal to type) linear programming problem 

formulated in  

Minimize:  

2000x1 + 1500x2  
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Subject to: 6x1 + 2x2 ≥ 8  

2x1 + 4x2 ≥ 12  

4x1 + 12x2 ≥ 24  

x1 ≥ 0, x2 ≥ 0  

The three lines 6x1 + 2x2 = 8,  2x1 + 4x2 = 12, and  4x1 + 12x2 = 24 passes 

through the point (1.3,0) (0,4), (6,0) (0,3) and (6,0) (0,2). The feasible region for 

this problem is shown in the following Graph 2. In this problem the constraints 

are of greater than or equal to type of feasible region, which is bounded on one 

side only.  

 

Graphical Liner Programming Solution 

A two variable linear programming problem can be easily solved graphically. The 

method is simple but the principle of solution is depends on certain analytical 

concepts, they are: 

Convex Region: A region R is convex if and only if for any two points on the region 

R the line connecting those points lies entirely in the region R. 

Extreme Point: The extreme point E of a convex region R is a point such that it is 

not possible to locate two distinct points in R, so that the line joining them will 

include E. The extreme points are also called as corner points or vertices.  
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Thus, the following result provides the solution to the linear programming 

model:  

 “If the minimum or maximum value of a linear function defined over a convex 

region exists, then it must be on one of the extreme points”. 

Example: 

Suppose an industry is manufacturing two types of products P1 and P2. The 

profits per Kg of the two products are Rs.30 and Rs.40 respectively. These two 

products require processing in three types of machines. The following table 

shows the available machine hours per day and the time required on each 

machine to produce one Kg of P1 and P2. Formulate the problem in the form of 

linear programming model. 

 
 

Solution:-  

Maximize: 

30x1 + 40x2  

Subject to: 3x1 + 2x2 ≤ 600  

      3x1 + 5x2 ≤ 800 

      5x1 + 6x2 ≤ 1100                                M = 30x1 +40x2 

       x1 ≥ 0, x2 ≥ 0 

 

 The extreme point of this convex region are A, B, C, D and E.  
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Graphical Linear Programming Solution 

 In this problem the objective function is 30x1 + 40x2. Let be M is a parameter, the 

graph 30x1 + 40x2 = M is a group of parallel lines with slope – 30/40. Some of these 

lines intersects the feasible region and contains many feasible solutions, whereas 

the other lines miss and contain no feasible solution. In order to maximize the 

objective function, we find the line of this family that intersects the feasible region 

and is farthest out from the origin. Note that the farthest is the line from the origin 

the greater will be the value of M.  

Observe that the line 30x1 + 40x2 = M passes through the point D, which is the 

intersection of the lines 3x1 + 5x2 = 800 and 5x1 + 6x2 = 1100 and has the 

coordinates x1 = 170 and x2 = 40. Since D is the only feasible solution on this line 

the solution is unique. 

The value of M is 6700, which is the objective function maximum value. The 

optimum value variables are x1 = 170 and X2 = 40. 
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 The following table shows the calculation of maximum value of the objective 

function. 

 

 

Example-2 

A company owns two flour mills viz. A and B, which have different production 

capacities for high, medium and low quality flour. The company has entered a 

contract to supply flour to a firm every month with at least 8, 12 and 24 quintals 

of high, medium and low quality respectively. It costs the company Rs.2000 and 

Rs.1500 per day to run mill A and B respectively. On a day, Mill A produces 6, 2 

and 4 quintals of high, medium and low quality flour, Mill B produces 2, 4 and 

12 quintals of high, medium and low quality flour respectively. How many days 

per month should each mill be operated in order to meet the contract order most 

economically 

Solution:- 

               Minimize  

                           2000x1 + 1500x2 

                Subject to: 

 6x1 + 2x2 ≥ 8  

 2x1 + 4x2 ≥ 12  

 4x1 + 12x2 ≥ 24  

 x1 ≥ 0     x2 ≥ 0 



         ֎NN 
50 

The feasible region for this problem is illustrated in the following Graph. Here 

each of the half planes lies above its boundary. In this case the feasible region is 

infinite. In this case, we are concerned with the minimization; also it is not 

possible to determine the maximum value.  

As in the previous example let us introduce a parameter M in the objective 

function i.e. 2000x1 + 1500x2 = M and draw the lines for different values of M. 

 

 

The minimum value is 5125 at the extreme point B, which is the value of the M 

(objective function). The optimum values variables are X1 = 0.5 and X2 = 2.75. 

 
 

Multiple Optimal Solutions 

When the objective function passed through only the extreme point located at the 

intersection of two half planes, then the linear programming problem possess 

unique solutions.  
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When the objective function coincides with one of the half planes generated by the 

constraints in the problem, will possess multiple optimal solutions. 

Example:  

A company purchasing scrap material has two types of scarp materials available. 

The first type has 30% of material X, 20% of material Y and 50% of material Z 

by weight. The second type has 40% of material X, 10% of material Y and 30% 

of material Z. The costs of the two scraps are Rs.120 and Rs.160 per kg 

respectively. The company requires at least 240 kg of material X, 100 kg of 

material Y and 290 kg of material Z. Find the optimum quantities of the two 

scraps to be purchased so that the company requirements of the three materials 

are satisfied at a minimum cost. Solution First we have to formulate the linear 

programming model. Let us introduce the decision variables x1 and x2 denoting 

the amount of scrap material to be purchased. Here the objective is to minimize 

the purchasing cost. So, the objective function here is 

Minimize: 120x1 + 160x2 

  Subject to: 0.3x1 + 0.4x2 ≥ 240  

0.2x1 + 0.1x2 ≥ 100  

0.5x1 + 0.3x2 ≥ 290 

               x1 ≥ 0; x2 ≥ 0 

Multiply by 10 both sides of the inequalities, then the problem becomes 

  Minimize: 120x1 + 160x2  

Subject to: 3x1 + 4x2 ≥ 2400  

2x1 + x2 ≥ 1000  

5x1 + 3x2 ≥ 2900 

     x1 ≥ 0; x2 ≥ 0 

Let us introduce parameter M in the objective function i.e. 120x1 + 160x2 = M. 

Then we have to determine the different values for M. 
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Table shows the calculation of Minimum objective function value. 

 Note that there are two minimum value for the objective function (M=96000). 

The feasible region and the multiple solutions are indicated in the following 

Graph. 

 

      Feasible Region, Multiple Optimal Solutions 

 

The extreme points are A, B, C, and D. One of the objective functions 120x1 + 

160x2 = M family coincides with the line CD at the point C with value M=96000, 

and the optimum value variables are x1 = 400, and x2 = 300. And at the point D 

with value M=96000, and the optimum value variables are x1 = 800, and x2 = 0. 

 Thus, every point on the line CD minimizes objective function value and the 

problem contains multiple optimal solutions. 
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Unbounded Solution 

When the feasible region is unbounded, a maximization problem may don’t have 

optimal solution, since the values of the decision variables may be increased 

arbitrarily.  

Example: 

Maximize:  3x1 + x2 

 Subject to: x1 + x2 ≥ 6 

   -x1 + x2 ≤ 6  

-x1 + 2x2 ≥ -6 and  

                                  x1, x2 ≥ 0 

Below graph shows the unbounded feasible region and demonstrates that the 

objective function can be made arbitrarily large by increasing the values of x1 

and x2 within the unbounded feasible region. In this case, there is no point (x1, 

x2) is optimal because there are always other feasible points for which objective 

function is larger. Note that it is not the unbounded feasible region alone that 

precludes an optimal solution. The minimization of the function subject to the 

constraints shown in the below graph would be solved at one the extreme point 

(A or B). 

 The unbounded solutions typically arise because some real constraints, which 

represent a practical resource limitation, have been missed from the linear 

programming formulation. In such situation the problem needs to be 

reformulated and re-solved. 
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Infeasible Solution  

A linear programming problem is said to be infeasible if no feasible solution of the 

problem exists. This section describes infeasible solution of the linear programming 

problem with the help of the following example 
 

Example: 

Minimize 

    200x1 + 300x2 

 Subject to: 

    0.4x1 + 0.6x2 ≥ 240  

0.2x1 + 0.2x2 ≤ 80  

0.4x1 + 0.3x2 ≥ 180 

   x1, x2 ≥ 0 

Solution:- 

         On multiplying both sides of the inequalities by 10, we get 

4x1 + 6x2 ≥ 2400  

2x1 + 2x2 ≤ 800  

4x1 + 3x2 ≥ 1800 
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The region right of the boundary AFE includes all the solutions which satisfy the 

first (4x1 + 6x2 ≥ 2400) and the third (4x1 + 3x2 ≥ 1800) constraints. The region 

left of the BC contains all solutions which satisfy the second constraint (2x1 + 

2x2 ≤ 800). 

Hence, there is no solution satisfying all the three constraints (first, second, and 

third). Thus, the linear problem is infeasible. 

 

SUMMARY  

In Operations Research linear programming is a versatile technique with wide 

applications in various management problems. Linear Programming problem has a 

number of characteristics. That is first we have to identify the decision variable. The 

problem must have a well-defined objective function, which are expressed in terms 

of the decision variables. The objective function may have to be maximized when it 

indicates the profit or production or contribution. If the objective function 

represents cost, in this case the objective function has to be minimized.  

The management problem is expressed in terms of the decision variables with the 

objective function and constraints. A linear programming problem is solved 

graphically if it contains only two variables. 

KEY TERMS  

 Objective Function: is a linear function of the decision variables representing 

the objective of the manager/decision maker.  

 Constraints: are the linear equations or inequalities arising out of practical 

limitations. 

 Decision Variables: are some physical quantities whose values indicate the 

solution.  

 Feasible Solution: is a solution which satisfies all the constraints (including the 

non-negative) presents in the problem.  

 Feasible Region: is the collection of feasible solutions. 

 Multiple Solutions: are solutions each of which maximize or minimize the 

objective function.  

 Unbounded Solution: is a solution whose objective function is infinite. 

Infeasible Solution: means no feasible solution. 
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SIMPLEX METHOD 
Simplex method is an iterative procedure for solving LPP in a finite number of 

steps. This method provides an algorithm which consists of moving from one vertex 

of the region of feasible solution to another in such a manner that the value of the 

objective function at the succeeding vertex is less or more as the case may be than 

at the previous vertex. This procedure is repeated and since the number of vertices 

is finite, the method leads to an optimal vertex in a finite number of steps or 

indicates the existence of unbounded solution. 
 The Simplex Method is “a systematic procedure for generating and testing 

candidate vertex solutions to a linear program.” It begins at an arbitrary corner of 

the solution set. At each iteration, the Simplex Method selects the variable that will 

produce the largest change towards the minimum (or maximum) solution. That 

variable replaces one of its compatriots that is most severely restricting it, thus 

moving the Simplex Method to a different corner of the solution set and closer to 

the final solution. In addition, the Simplex Method can determine if no solution 

actually exists. Note that the algorithm is greedy since it selects the best choice at 

each iteration without needing information from previous or future iterations. 

Important aspects 

 Objective Function: The function that is either being minimized or maximized. 

For example, it may represent the cost that you are trying to minimize.  

 Optimal Solution: A vector x, which is both feasible (satisfying the constraints) 

and optimal (obtaining the largest or smallest objective value). 

 Constraints: A set of equalities and inequalities that the feasible solution must 

satisfy.  

 Feasible Solution: A solution vector, x, which satisfies the constraints.  

 Basic Solution: x of (Ax=b) is a basic solution if the n components of x can be 

partitioned into m “basic” and n-m “non-basic” variables in such a way that: the 

m columns of A corresponding to the basic variables form a nonsingular basis 

and the value of each “non-basic” variable is 0. The constraint matrix A has m 

rows (constraints) and n columns (variables).  

 Basis: The set of basic variables.  

 Basic Variables: A variable in the basic solution (value is not 0) 
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 Non-basic Variables: A variable not in the basic solution (value = 0).  

 Slack Variable: A variable added to the problem to eliminate less-than 

constraints.  

 Surplus Variable: A variable added to the problem to eliminate greater-than 

constraints.  

 Artificial Variable: A variable added to a linear program in phase 1 to aid 

finding a feasible solution.  

 Unbounded Solution: For some linear programs it is possible to make the 

objective arbitrarily small (without bound). Such an LP is said to have an 

unbounded solution.  

 Simplex Algorithem: Insert the slack variables, and find the slack equations.  

 
 

Rewrite the objective function to match the format of the slack equations, and 

adjoin at the bottom. Write the initial simplex tableau.  

Determine the pivot element. Rules for Selection 

i. The most negative indicator in the last row of the tableau determines the 

pivot column.  

ii. The pivot row is selected from among the slack equations by using the 

smallest-quotient rule. 

 

Basics of Simplex Method  

The basic of simplex method is explained with the following linear programming 

problem. 

 Example: 

   Maximize:   60x1 + 70x2  

Subject to: 2x1 + x2 ≤ 300  

         3x1 + 4x2 ≤ 509 

             4x1 + 7x2 ≤ 812  

                     x1, x2 ≥ 0 
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   Solution:-  

First we introduce the variables s3, s4, s5 ≥ 0  

So that the constraints becomes equations, thus 

 2x1 + x2 + s3 = 300  

  3x1 + 4x2 + s4 = 509 

  4x1 + 7x2 + s5 = 812  

Corresponding to the three constraints, the variables s3, s4, s5 are called as slack 

variables. Now, the system of equation has three equations and five variables. 

 There are two types of solutions they are basic and basic feasible, which are 

discussed as follows:  

 

Basic Solution  

We may equate any two variables to zero in the above system of equations, and 

then the system will have three variables. Thus, if this system of three equations 

with three variables is solvable such a solution is called as basic solution 
For example suppose we take x1=0 and x2=0, the solution of the system with 

remaining three variables is s3=300, s4=509 and s5=812, this is a basic solution and 

the variables s3, s4, and s5 are known as basic variables whereas the variables x1, x2 

are known as non-basic variables. 

 The number of basic solution of a linear programming problem is depends on the 

presence of the number of constraints and variables. For example if the number of 

constraints is m and the number of variables including the slack variables is n then 

there are at most   nCn-m = nCm basic solutions.  

 

Basic Feasible Solution  

A basic solution of a linear programming problem is called as basic feasible 

solutions if it is feasible it means all the variables are non-negative. The solution 

s3=300, s4=509 and s5=812 is a basic feasible solution. 

 The number of basic feasible solution of a linear programming problem is depends 

on the presence of the number of constraints and variables. For example if the 
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number of constraints is m and the number of variables including the slack variables 

is n then there are at most nCn-m = nCm basic feasible solutions.  

Every basic feasible solution is an extreme point of the convex set of feasible 

solutions and every extreme point is a basic feasible solution of the set of given 

constraints. It is impossible to identify the extreme points geometrically if the 

problem has several variables but the extreme points can be identified using basic 

feasible solutions. Since one the basic feasible solution will maximize or minimize 

the objective function, the searching of extreme points can be carry out starting 

from one basic feasible solution to another. 

 The Simplex Method provides a systematic search so that the objective function 

increases in the cases of maximization progressively until the basic feasible solution 

has been identified where the objective function is maximized.  

 

Simplex Method Computation 

Consider the following linear programming problem  

Maximize: 60x1 + 70x2  

Subject to:  

2x1 + x2 + s3 = 300  

3x1 + 4x2 + s4 = 509  

4x1 + 7x2 + s5 = 812  

x1, x2, s3, s4 ,s5 ≥ 0  

The profit Z=60x1 + 70x2    i.e. Maximize 60x1 + 70x2 The standard form can be 

summarized in a compact table form as In this problem the slack variables s3, s4, 

and s5 provide a basic feasible solution from which the simplex computation starts. 

That is s3==300, s4=509 and s5=812. This result follows because of the special 

structure of the columns associated with the slacks.  

If z represents profit then z=0 corresponding to this basic feasible solution. We 

represent by CB the coefficient of the basic variables in the objective function and 

by XB the numerical values of the basic variable. 
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 So that the numerical values of the basic variables are: XB1=300, XB2=509, 

XB3=812.  

The profit z=60x1+70x2 can also expressed as z-60x1-70x2=0. The simplex 

computation starts with the first compact standard simplex table as given below: 

 

In the objective function the coefficients of the variables are CB1=CB2=CB3=0. The 

top most row of the Table 1 denotes the coefficient of the variables x1, x2, s3, s4, s5 

of the objective function respectively. The column under x1 indicates the coefficient 

of x1 in the three equations respectively. Similarly the remaining column also 

formed.  

On seeing the equation z=60x1+70x2 we may observe that if either x1 or x2, which is 

currently non-basic is included as a basic variable so that the profit will increase. 

Since the coefficient of x2 is higher we choose x2 to be included as a basic variable 

in the next iteration. An equivalent criterion of choosing a new basic variable can be 

obtained the last row of Table 1 i.e. corresponding to z.  

Since the entry corresponding to x2 is smaller between the two negative values, x2 

will be included as a basic variable in the next iteration. However with three 

constraints there can be only three basic variables. 
Thus, by bringing x2 a basic variable one of the existing basic variables becomes 

non-basic. The question here is How to identify this variable? The following 

statements give the solution to this question.  

Consider the first equation i.e. 2x1 + x2 + s3 = 300 
From this equation 2x1+s3=300-x2  

But x1=0. Hence, in order that s3≥0 300-x2≥0          i.e. x2≤300  
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Similarly consider the second equation i.e. 3x1 + 4x2 + s4 = 509  

From this equation 3x1+s4=509-4x2  

But, x1=0. Hence, in order that s4≥0 509-4x2≥0  

                i.e. x2≤509/9  

Similarly consider the third equation i.e. 4x1 + 7x2 + s5 = 812 

 From this equation 4x1+s5=812-7x2 

 But x1=0. Hence, in order that s5≥0 812-7x2≥0  

               i.e. x2≤812/7  

Therefore the three equation lead to 

 x2≤300,              x2≤509/9,                   x2≤812/7  

Thus x2=Min (x2≤300,    x2≤509/9,     x2≤812/7)  

It means x2=Min (x2≤300/1,     x2≤509/9,       x2≤812/7) =116  

Therefore x2=116  

If x2=116, you may be note from the third equation 7x2+s5=812.  i.e., s5=0 

 Thus, the variable s5 becomes non-basic in the next iteration.  

So that the revised values of the other two basic variables are S3=300- x 2=184  

                   S4=509-4 x 116=45  

Refer to Table 1, we obtain the elements of the next Table i.e. Table 2 using the 

following rules: 

 1. We allocate the quantities which are negative in the z-row. Suppose if all the 

quantities are positive, the inclusion of any non-basic variable will not increase the 

value of the objective function. Hence the present solution maximizes the objective 

function. If there are more than one negative values we choose the variable as a 

basic variable corresponding to which the z value is least as this is likely to increase 

the more profit.  

 2. Let xj be the incoming basic variable and the corresponding elements of the ‘j’th 

row column be denoted by Y1j, Y2j and Y3j respectively. If the present values of the  
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basic variables are XB1, XB2 and XB3 respectively, then we can compute. Min 

[XB1/Y1j, XB2/Y2j, XB3/Y3j] for Y1j, Y2j, Y3j>0. Note that if any Yij≤0, this need not 

be included in the comparison. If the minimum occurs corresponding to XBr/Yrj 

then the ‘r’ th basic variable will become non-basic in the next iteration. 3. Using 

the following rules the Table 2 is computed from the Table 1.  

i. The revised basic variables are s3, s4 and x2. Accordingly, we make CB1=0, 

CB2=0 and CB3=70.  

ii. As x2 is the incoming basic variable we make the coefficient of x2 one by 

dividing each element of row-3 by 7. Thus the numerical value of the 

element corresponding to x1 is 4/7, corresponding to s5 is 1/7 in Table 2. 

iii. The incoming basic variable should appear only in the third row. So we 

multiply the third-row of Table 2 by 1 and subtract it from the first-row of 

Table 1 element by element. Thus the element corresponding to x2 in the 

first-row of Table 2 is 0. Therefore the element corresponding to x1 is 2-

1*4/7=10/7 and the element corresponding to s5 is 0-1*1/7=-1/7  

In this way we obtain the elements of the first and the second row in Table 2. In 

Table 2 the numerical values can also be calculated in a similar way.  

 

Let CB1, CB2, Cb3 be the coefficients of the basic variables in the objective 

function. For example in Table 2 CB1=0, CB2=0 and CB3=70.  

Suppose corresponding to a variable J, the quantity zj is defined as zj=CB1, 

Y1+CB2, Y2j+CB3Y3j. Then the z-row can also be represented as Zj-Cj.  

For example: z1 - c1 = 10/7c x 0+5/7 x 0+70 x 4/7-60 = -140/7 

          z5 – c5 = -1/7 x 0-4/7 x 0+1/7 x 70-0 = 70/7 
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 1. Now we apply rule (1) to Table 2. Here the only negative zj-cj is z1-c1 = -140/7 

Hence x1 should become a basic variable at the next iteration. 

2. We compute the minimum of the ratio 

 

This minimum occurs corresponding to s4, it becomes a non-basic variable in next 

iteration. 

 

3. Like Table 2, the Table 3 is computed seeing the rules (i), (ii), (iii) as described 

above. 

 

1. z5 – c5 < 0 should be made a basic variable in the next iteration.  

2. Now compute the minimum ratios  

                                             

                                  

Note: Since y25 = -4/5 < 0, the corresponding ratio is not taken for comparison. The 

variable s3 becomes non basic in the next iteration. 
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 3. From the Table 3, Table 4 is calculated following the usual steps. 

 

Note that zj – cj ≥ 0 for all j, so that the objective function can’t be improved any 

further.  

Thus, the objective function is maximized for x1 = 691/5 and x2=118/5 and The 

maximum value of the objective function is 9944. 

 
 
 

Simplex Method with More Than Two Variables  

In previous section we discussed the simplex method of linear programming 

problem with two decision variables. The simplex method computational procedure 

can be readily extended to linear programming problems with more than two 

variables.  

This is illustrated in this section with the help of the product mix problem given in 

the following. 

 

Example: 

An organization has three machine shops viz. A, B and C and it produces three 

product viz. X, Y and Z using these three machine shops. Each product involves the 

operation of the machine shops. The time available at the machine shops A, B and 

C are 100, 72 and 80 hours respectively. The profit per unit of product X, Y and Z 

is $22, $6 and $2 respectively. 

 The following table shows the time required for each operation for unit amount of 

each product. Determine an appropriate product mix so as to maximize the profit. 
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Machine Shops 

Time Required 

A B C 

10 

2 

1 

7 

3 

2 

2 

4 

1 

Available Hours:         100        72        80 

 

Solution:-  

First we have to develop linear programming formulation.  

The linear programming formulation of the product mix problem is: 

   Maximize: 22x1 + 6x2 + 2x3  

Subject to: 10x1 + 2x2 + x3 ≤ 100  

                  7x1 + 3x2 + 2x3 ≤ 72  

       2x1 + 4x2 + x3 ≤ 80  

         x1, x2, x3 ≥ 0 

We introduce slack variables s4, s5 and s6 to make the inequalities equation.  

Thus, the problem can be stated as  

Maximize: 22x1 + 6x2 + 2x3 

   Subject to: 10x1 + 2x2 + x3 + s4 = 100 

               7x1 + 3x2 + 2x3 + s5 = 72 

             2x1 + 4x2 + x3 + s6 = 80  

           x1, x2, x3, s4, s5, s6 ≥ 0  

From the above equation the simplex Table 1 can be obtained in a straight forward 

manner. Here the basic variables are s4, s5 and s6. Therefore CB1 = CB2 = CB3 = 0. 
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1. z1-c1 = -22 is the smallest negative value. Hence x1 should be taken as a basic 

variable in the next iteration.  

2. Calculate the minimum of the ratios 

                   

The variable s4 corresponding to which minimum occurs is made a non-basic 

variable. 

 3. From the Table 1, the Table 2 is calculated using the following rules: 

i. The revised basic variables are x1, s5, s6. Accordingly we make CB1=22, CB2=0 

and CB3=0.  

ii. Since x1 is the incoming variable we make x1 coefficient one by dividing each 

element of row 1 by 10. Thus the numerical value of the element corresponding to 

x2 is 2/10, corresponding to x3 is 1/10, corresponding to s4 is 1/10, corresponding to 

s5 is 0/10 and corresponding to s6 is 0/10 in Table 2. 

iii. The incoming basic variable should only appear in the first row. So we multiply 

first row of Table 2 by 7 and subtract if from the second row of Table 1 element by 

element.  

Thus, The element corresponding to x1 in the second row of Table 2 is zero  

      The element corresponding to x2 is 3 – 7 x 2 = 16  

                                                                         10     10 

By using this way we get the elements of the second and the third row in Table 2. 

Similarly, the calculation of numerical values of basic variables in Table 2 is 

done. 
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1. z2-c2 = -8/5. So x2 becomes a basic variable in the next iteration. 

 2. Calculate the minimum of the ratios 

 

Hence the variable s5 will be a non-basic variable in the next iteration.  

3. From Table 2, the Table 3 is calculated using the rules (i), (ii) and (iii) mentioned 

above. 

 

Note that all zj – cj ≥0, so that the solution is x1 = 73/8, x2 = 30/8 and s6 = 177/4 

maximizes the objective function.  

The Maximum Profit is: 22 x 73/8 + 6 x 30/8 = 1606/8 + 180/8  

    = 1786/8 = $223.25 
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Tow Phase and M-Method  

In the last two section we discussed the simplex method was applied to linear 

programming problems with less than or equal to (≤) type constraints. Thus, there 

we could introduce slack variables which provide an initial basic feasible solution 

of the problem.  

Generally, the linear programming problem can also be characterized by the 

presence of both ‘less than or equal to’ type or ‘greater than or equal to (≥)’ type 

constraints. In such case it is not always possible to obtain an initial basic feasible 

solution using slack variables.  

The greater than or equal to type of linear programming problem can be solved by 

using the following methods: 1. Two Phase Method  

          2. M Method 

 

1. Two Phase Method 

 We discuss the Two Phase Method with the help of the following Example. 

Example: 

   Minimize: 12.5x1 + 14.5x2  

Subject to: x1 + x2 ≥ 2000  

         0.4x1 + 0.75x2 ≥ 1000  

              0.075x1 + 0.1x2 ≤ 200  

                       x1, x2 ≥ 0 

 Solution: 

 Here the objective function is to be minimized; the values of x1 and x2 which 

minimized this objective function are also the values which maximize the revised 

objective function. i.e. Maximize -12.5x1 – 14.5x2  

We can multiply the second and the third constraints by 100 and 1000 respectively 

for the convenience of calculation.  
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Thus, the revised linear programming problem is:  

Maximize: -12.5x1 – 14.5x2  

Subject to: x1 + x2 ≥ 2000  

         40x1 + 75x2 ≥ 100000  

             75x1 + 100x2 ≤ 200000 

    x1, x2 ≥ 0  

Now we convert the two inequalities by introducing surplus variables s3 and s4 

respectively. The third constraint is changed into an equation by introducing a slack 

variable s5. 

 Thus, the linear programming problem becomes as 

         Maximize -12.5x1 – 14.5x2 = -25/2x1 – 29/2x2  

         Subject to: x1 + x2 -s3 = 2000  

                                    40x1 + 75x2 -s4 = 100000  

                                    75x1 + 100x2 +s5 = 200000  

                                      x1, x2,s3,s4,s5 ≥ 0  

Even though the surplus variables can convert greater than or equal to type 

constraints into equations they are unable to provide initial basic variables to start 

the simplex method calculation. So we may have to introduce two more additional 

variables a6 and a7 called as artificial variable to facilitate the calculation of an 

initial basic feasible solution. In this method the calculation is carried out in two 

phases hence two phase method.  

Phase I  

In this phase we will consider the following linear programming problem 

  Maximize -a6 –a7  

Subject to: x1 + x2 -s3 +a6 = 2000 

         40x1 + 75x2 -s4 + a7 = 100000  

         75x1 + 100x2 +s5 = 200000                  x1, x2.s3,s4,s5,a6,a7 ≥ 0  
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The initial basic feasible solution of the problem is a6 = 2000, a7=100000 and            

s5 = 200000.  

As the minimum value of the objective function of the Phase I is zero at the end of 

the Phase I calculation both a6 and a7 become zero. 

 

Here x2 becomes a basic variable and a7 becomes non basic variable in the next 

iteration. It is no longer considered for re-entry in the table. 

 

Then x1 becomes a basic variable and a6 becomes a non-basic variable in the next 

iteration. 

 

The calculation of Phase I end at this stage. Note that, both the artificial variable 

have been removed and also found a basic feasible solution of the problem. 

 The basic feasible solution is: x1=10000/7, x2=4000/2, s5=250000/7. 
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 Phase II  

The initial basic feasible solution obtained at the end of the Phase I calculation is 

used as the initial basic feasible solution of the problem. In this Phase II calculation 

the original objective function is introduced and the usual simplex procedure is 

applied to solve the linear programming problem. 

 

In this Table 1 all zj-cj ≥ 0 the current solution maximizes the revised objective 

function.  

Thus, the solution of the problem is: x1 = 10000/7 = 1428 and x2 = 4000/7 = 571.4 

and 

 The Minimum Value of the objective function is: 26135.3 

 

 

2. M Method 

 In this method also we need artificial variables for determining the initial basic 

feasible solution. 

Example: 

Maximize -12.5x1 – 14.5x2 

 Subject to: x1 + x2 –s3 = 2000 

          40x1 + 75x2 -s4 = 100000 

          75x1 + 100x2 +s5 = 200000  

   x1, x2, s3, s4, s5 ≥ 0. 



         ֎NN 
72 

 Introduce the artificial variables a6 and a7 in order to provide basic feasible solution 

in the second and third constraints. The objective function is revised using a large 

positive number say M.  

Thus, instead of the original problem, consider the following problem i.e. 

    Maximize -12.5x1 – 14.5x2 – M (a6 + a7)  

  Subject to: x1 + x2 –s3 + a6 = 2000 

           40x1 + 75x2 -s4 +a7 = 100000  

           75x1 + 100x2 +s5 = 200000  

             x1, x2, s3, s4, s5, a6, a7 ≥ 0. 

 

The coefficient of a6 and a7 are large negative number in the objective function. 

Since the objective function is to be maximized in the optimum solution, the 

artificial variables will be zero. Therefore, the basic variable of the optimum 

solution are variable other than the artificial variables and hence is a basic feasible 

solution of the original problem.  

The successive calculation of simplex tables is as follows: 

 

Since M is a large positive number, the coefficient of M in the zj – cj row would 

decide the entering basic variable. As -76M < -41M, x2 becomes a basic variable in 

the next iteration replacing a7. The artificial variable a7 can’t be re-entering as basic 

variable. 
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Now x1 becomes a basic variable replacing a6. Like a7 the variable a6 also artificial 

variable so it can’t be re-entering in the table. 

 

Hence, The optimum solution of the problem is x1 = 10000/7, x2 = 4000/7 and 

                The Minimum Value of the Objective Function is: 26135.3 

 

 

Multiple Solutions  

The simplex method also helps in identifying multiple solutions of a linear 

programming problem. 

   Example: 

Consider the following linear programming problem.  

Maximize 2000x1 + 3000x2  

Subject to: 6x1 + 9x2 ≤ 100 

 2x1 + x2 ≤ 20 

 x1 , x2 ≥ 0. 
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   Solution:-  

Introduce the slack variables s3 and s4, so that the inequalities can be converted 

in to equation as follows: 6x1 + 9x2 + s3 = 10  

      2x1 + x2 + s4 = 20  

x1 , x2, s3, s4 ≥ 0.  

The computation of simple procedure and tables are as follows: 

 

 

 

Here zj-cj ≥ 0 for all the variables so that we can’t improve the simplex table any 

more. Hence it is optimum.  

The optimum solution is x1 = 0, x2 = 100/9 and 

 The maximum value of the objective function is: 100000/3 = 33333.33.  

However, the zj-cj value corresponding to the non-basic variable x1 is also zero. This 

indicates that there is more than one optimum solution for the problem exists. 

 In order to calculate the value of the alternate optimum solution we have to 

introduce x1 as a basic variable replacing s4. The next Table 3 shows the 

computation of this. 
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Thus, x1 = 20/3, x2 = 20/3 also maximize the objective function and 

The Maximum value of the objective function is: 100000/3 = 33333.33 

Thus, the problem has multiple solutions. 

 

Unbounded Solution 

 In this section we will discuss how the simplex method is used to identify the 

unbounded solution. This is explained with the help of the following example  

Example:  

Consider the following linear programming problem. 

 Maximize 5x1 + 4x2  

  Subject to: x1 – x2 ≤ 8  

          x1 ≤ 7 

          x1, x2 ≥ 0.  

Solution:- 

 Introduce the slack variables s3 and s4, so that the inequalities becomes as equation 

as follows:  

x1 + s3 = 7  

x1 – x2 + s4 = 8 

 x1, x2, s3, s4 ≥ 0.  
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The calculation of simplex procedures and tables are as follows: 

 

Note that z2-c2 < 0 which indicates x2 should be introduced as a basic variable in the 

next iteration. However, both y12≤0, y22≤0. 

 Thus, it is not possible to proceed with the simplex method of calculation any 

further as we cannot decide which variable will be non-basic at the next iteration. 

This is the criterion for unbounded solution.  

NOTE: If in the course of simplex computation zj-cj < 0 but yij ≤ 0 for all i then the 

problem has no finite solution. But in this case we may observe that the variable x2 

is unconstrained and can be increased arbitrarily. This is why the solution is 

unbounded.  

 

Infeasible Solution  

This section illustrates how to identify the infeasible solution using simplex 

method.  
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This is explained with the help of the following example. 

Example 

Consider the following problem.  

Minimize 200x1 + 300x2 

    Subject to: 2x1 + 3x2 ≥ 1200 

          x1 + x2 ≤ 400  

        2x1 + 3/2x2 ≥ 900  

               x1, x2 ≥ 0  

Solution:- 

Since it is a minimization problem we have to convert it into maximization 

problem and introduce the slack, surplus and artificial variables.  

The problem appears in the following manner after doing all these procedure. 

  Maximize -200x1 - 300x2 

  Subject to: 2x1 + 3x2 -s3 +a6 = 1200 

              x1 + x2 +s4 = 400 

          2x1 + 3/2x2 - s5 + a7 = 900  

           x1, x2, s3, s4, s5, a6, a7 ≥ 0 

 Here the a6 and a7 are artificial variables. We use two phase method to solve this 

problem. 

  Phase I  

Maximize -a6 –a7  

Subject to: 2x1 + 3x2 -s3 +a6 = 1200  

x1 + x2 +s4 = 400 

2x1 + 3/2x2 - s5 + a7 = 900  

x1, x2, s3, s4, s5, a6, a7 ≥ 0  
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The calculation of simplex procedures and tables are as follows:  

 

 

Note that zj-cj ≥ 0 for all the variables but the artificial variable a7 is still a basic 

variable. This situation indicates that the problem has no feasible solution. 

 

SUMMARY  

The simplex method is very useful and appropriate method for solving linear 

programming problem having more than two variables. The slack variables are 

introduced for less than or equal to type, surplus variables are introduce for greater 

than or equal to type of linear programming problem. The basic feasible solution is 

important in order to solve the problem using the simplex method. A basic feasible 

solution of a system with m-equations and n-variables has m non-negative variables 

called as basic variables and n-m variables with value zero known as non-basic 

variables. The objective function is maximized or minimized at one of the basic 

feasible solutions. Surplus variables can’t provide the basic feasible solution instead 

artificial variables are used to get the basic feasible solutions and it initiate the 
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simplex procedure. Two phase and M-Method are available to solve linear 

programming problem in these case. The simplex method also used to identify the 

multiple, unbounded and infeasible solutions. 
 

KEY TERMS  

 Basic Variable: Variable of a basic feasible solution has n non-negative 

value.  

 Non Basic Variable: Variable of a feasible solution has a value equal to zero.  

 Artificial Variable: A non-negative variable introduced to provide basic 

feasible solution and initiate the simplex procedures. 

 Slack Variable: A variable corresponding to a ≤ type constraint is a non-

negative variable introduced to convert the inequalities into equations.  

 Surplus Variable: A variable corresponding to a ≥ type constraint is a non-

negative variable introduced to convert the constraint into equations. 

 Basic Solution: System of m-equation and n-variables i.e. m<n is a solution 

where at least n-m variables are zero. 

 Basic Feasible Solution: System of m-equation and n-variables i.e. m<n is a 

solution where m variables are non-negative and n-m variables are zero. 

 Optimum Solution: A solution where the objective function is minimized or 

maximized. 

 

DUAL LINEAR PROGRAMMING PROBLEMS 

Introduction  

For every linear programming problem there is a corresponding linear programming 

problem called the dual. If the original problem is a maximization problem then the 

dual problem is minimization problem and if the original problem is a minimization 

problem then the dual problem is maximization problem. In either case the final 

table of the dual problem will contain both the solution to the dual problem and the 

solution to the original problem.  

The solution of the dual problem is readily obtained from the original problem 

solution if the simplex method is used.  
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The formulation of the dual problem also sometimes referred as the concept of 

duality is helpful for the understanding of the linear programming. The variable of 

the dual problem is known as the dual variables or shadow price of the various 

resources. The dual problem is easier to solve than the original problem. The dual 

problem solution leads to the solution of the original problem and thus efficient 

computational techniques can be developed through the concept of duality. Finally, 

in the competitive strategy problem solution of both the original and dual problem 

is necessary to understand the complete problem. 

 

Dual Problem Formulation  

If the original problem is in the standard form then the dual problem can be 

formulated using the following rules: 

 The number of constraints in the original problem is equal to the number of 

dual variables. The number of constraints in the dual problem is equal to the 

number of variables in the original problem.  

 The original problem profit coefficients appear on the right hand side of the 

dual problem constraints. 

 If the original problem is a maximization problem then the dual problem is a 

minimization problem. Similarly, if the original problem is a minimization 

problem then the dual problem is a maximization problem.  

 The original problem has less than or equal to (≤) type of constraints while 

the dual problem has greater than or equal to (≥) type constraints.  

 The coefficients of the constraints of the original problem which appear from 

left to right are placed from top to bottom in the constraints of the dual 

problem and vice versa. 

 

Example: 

Three machine shops A, B, C produces three types of products X, Y, Z respectively. 

Each product involves operation of each of the machine shops. The time required 

for each operation on various products is given as follows: M 

 

 



         ֎NN 
81 

 

 
 

Products 

 
Machine Shops 

Profits Per 

Unit 

A B C (In Dollars) 

X 10 7 2 $ 12 

Y 2 3 4 $ 3 

Z 1 2 1 $ 1 

Available 

Hours 

100 77 80  

 

The available hours at the machine shops A, B, C are 100, 77, and 80 only. The 

profit per unit of products X, Y, and Z is $12, $3, and $1 respectively.  

Solution:-  

The formulation of Linear Programming (original problem) is as follows:  

 Maximize: 12x1 + 3x2 + x3 

 Subject to: 10x1 + 2x2 + x3 ≤ 100  

          7x1 + 3x2 + 2x3 ≤ 77  

          2x1 + 4x2 + x3 ≤ 80 

   x1, x2, x3 ≥ 0  

We introduce the slack variables s4, s5 and s6 then the equalities becomes as:  

Maximize: 12x1 + 3x2 + x3  

Subject to: 10x1 + 2x2 + x3 + s4 = 100  

7x1 + 3x2 + 2x3 + s5 = 77 

    2x1 + 4x2 + x3 +s6 = 80  

x1, x2, x3, s4, s5, s6 ≥ 0 

Form the above equations, the first simplex table is obtained is as follows: 
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CB Basic 
Variable 

Cj 
XB 

12 
X1 

3 
X2 

1 
X3 

0 
S4 

0 
S5 

0 
S6 

0 
 
0 
 
0 

S4 
 
S5 
 
S6 

100 
 
77 
 
80 

10 
 
7 
 
2 

2 
 
3 
 
4 

1 
 
2 
 
1 

1 
 
0 
 
0 

0 
 
1 
 
0 

0 
 
0 
 
1 

 Zj-Cj  -12 -3 -1 0 0 0 
 

Note that the basic variables are s4, s5 and s6. Therefore CB1 = 0, CB2 = 0, CB3 = 0. 

 1. The smallest negative element in the above table of z1 – c1 is -12. Hence, x1 

becomes a basic variable in the next iteration.  

2. Determine the minimum ratios  

                      

Here the minimum value is s4, which is made as a non-basic variable.  

3. The next Table 2 is calculated using the following rules:  

i. The revised basic variables are x1, s5, s6. Accordingly we make CB1=22, CB2=0 

and CB3=0. 

ii. Since x1 is the incoming variable we make x1 coefficient one by dividing each 

element of row 1 by 10. Thus the numerical value of the element corresponding to 

x2 is 2/10, corresponding to x3 is 1/10, corresponding to s4 is 1/10, corresponding to 

s5 is 0/10 and corresponding to s6 is 0/10 in Table 2. 

iii. The incoming basic variable should only appear in the first row. So we multiply  

first row of Table 2 by 7 and subtract if from the second row of Table 1 element by 

element. Thus The element corresponding to x1 in the second row of Table 2 is zero 

The element corresponding to x2 is 3 – 7 X 2 = 16                                                                                                                                               

                                                                     10    10  

By using this way we get the elements of the second and the third row in Table 2. 

Similarly, the calculation of numerical values of basic variables in Table 2 is done. 
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4. z2-c2 = -3/5. So x2 becomes a basic variable in the next iteration. 

5. Determine the minimum of the ratios 

             

So that the variable s5 will be a non-basic variable in the next iteration.  

6. From Table 2, the Table 3 is calculated using the rules (i), (ii) and (iii) mentioned 

above. 

 

Since all the zi – cj ≥ 0, the optimum solution is as: x1 = 73/8 and x2 = 35/8 and  

The Maximum Profit is: $981/8 = $122.625 

 Suppose an investor is deciding to purchase the resources A, B, C. What offers is 

he going to produce? Let, assume that W1, W2 and W3 are the offers made per hour 

of machine time A, B and C respectively. Then these prices W1, W2 and W3 must 

satisfy the conditions given below:  

1. W1, W2, W3 ≥ 0  
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2. Assume that the investor is behaving in a rational manner; he would try to 

bargain as much as possible so that the total annual payable to the produces would 

be as little as possible. This leads to the following condition:  

Minimize: 100W1 + 77W2 + 80W3 

 

3. The total amount offer by the investor to the three resources viz. A, B and C 

required to produce one unit of each product must be at least as high as the profit 

gained by the producer per unit.  

Since, these resources enable the producer to earn the specified profit corresponding 

to the product he would not like to sell it for anything less assuming he is behaving 

rationally. This leads to the following conditions:  

10w1 + 7w2 + 2w3 ≥ 12 

    2w1 + 3w2 + 4w3 ≥ 3  

w1 + 2w2 + w3 ≥ 1 

 Thus, in this case we have a linear problem to ascertain the values of the variable 

w1, w2, w3. The variables w1, w2 and w3 are called as dual variables. 

Note: The original (primal) problem illustrated in this example  

a. Considers the objective function maximization 

   b. Contains ≤ type constraints 

   c. Has non-negative constraints  

This original problem is called as primal problem in the standard form. 

 

Dual Problem Properties  

The following are the different properties of dual programming problem:  

i. If the original problem is in the standard form, then the dual problem solution is 

obtained from the zj – cj values of slack variables. 

 For example: In the above example the variables s4, s5 and s6 are the slack 

variables. Hence the dual problem solution is w1 = z4 – c4 = 15/16, w2 = z5 – c5 = 3/8 

and w3 = z6 – c6 = 0.  
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ii. The original problem objective function maximum value is the minimum value 

of the dual problem objective function.  

For example: From the above Example, we know that the original problem 

maximum values is 981/8 = 122.625. So that the minimum value of the dual 

problem objective function is  

100 x 15/16 + 77 x 3/8 + 80 x 0 = 981/8  

 

Here the result has an important practical implication. If both producer and investor 

analyzed the problem then neither of the two can outmaneuver the other.  

iii. Shadow Price: A resource shadow price is its unit cost, which is equal to the 

increase in profit to be realized by one additional unit of the resource. For example: 

Let the minimum objective function value is expressed as: 

                         100 x 15/16 + 77 x 3/8 + 80 x 0 

 

If the first resource is increased by one unit the maximum profit also increases by 

15/16, which is the first dual variable of the optimum solution. Therefore, the dual 

variables are also referred as the resource shadow price or imputed price. Note that 

in the previous example the shadow price of the third resource is zero because there 

is already an unutilized amount, so that profit is not increased by more of it until the 

current supply is totally exhausted. 

iv. In the originals problem, if the number of constraints and variables is m and n 

then the constraint and variables in the dual problem is n and m respectively. 

Suppose the slack variables in the original problem is represented by y1, y2, ….., yn 

and the surplus variables are represented by z1, z2, …,zn in the dual problem. 

 v. Suppose, the original problem is not in a standard form, then the dual problem 

structure is unchanged. However, if a constraint is greater than or equal to type, the 

corresponding dual variable is negative or zero. Similarly, if a constraint in the 

original problem is equal to type, then the corresponding dual variables is 

unrestricted in sign. 

Example: 

Consider the following linear programming problem 

Maximize: 22x1 + 25x2 +19x3  
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Subject to: 18x1 + 26x2 + 22x3 ≤ 350 

             14x1 + 18x2 + 20x3 ≥180  

                  17x1 + 19x2 + 18x3 = 205 

                x1, x2, x3 ≥ 0  

Note that this is a primal or original problem. The corresponding dual problem for 

this problem is as follows: 

      Minimize: 250w1 + 80w2 +105w3  

      Subject to: 18w1 + 4w2 + 7w3 ≥ 22  

               26w1 + 18w2 + 19w3 ≥ 25 

               22w1 + 20w2 + 18w3 ≥ 19  

                w1 ≥ 0, w2 ≤, and w3 is unrestricted in sign (+ or -).  

      Now, we can solve this using simplex method as usual. 

 

Simple Way of Solving Dual Problem  

Solving of dual problem is simple; this is illustrated with the help of the following 

Example: 

Minimize:  P = x1 + 2x2  

Subject to: x1 + x2 ≥ 8  

2x1 + y ≥ 12 

 x1 ≥ 1 

 Solution:- 

 Step-1: Set up the P-matrix and its transpose 
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      1   2  1  0 

Step-2: Form the constraints and the objective function for the dual  

w1 + 2w2 + w3 ≤ 1  

w1 + w2 ≤ 2 

 z = 8w1 = 12w2 + 2  

Step-3: Construct the initial simplex table for the dual 

 

Since there are no negative entries in the last column above the third row, we have a 

standard simplex problem. The most negative number in the bottom row to the left 

of the last column is -12. This establishes the pivot column. The smallest 

nonnegative ratio is 1/2. The pivot element is 2 in the w2-column. 

Step 4: Pivoting 

         Pivoting about the 2 we get  
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The most negative entry in the bottom row to the left of the last column is -2. The 

smallest nonnegative ratio is the 1/2 in the first row. This is the next pivot element. 

Pivoting about the half (1/2) 

 

 

Since there are no negative entries in the bottom row and to the left of the last 

column, the process is complete. The solutions are at the feet of the slack variable 

columns. Therefore, The optimum solution provided by x1 = 8 and x2 = 0 The 

Minimum Value is 8. 

 

SUMMARY 

 For every linear programming problem there is a dual problem. The variables of 

the dual problem are called as dual variables. The variables have economic value, 

which can be used for planning its resources. The dual problem solution is achieved 
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by the simplex method calculation of the original (primal) problem. The dual 

problem solution has certain properties, which may be very useful for calculation 

purposes. 

 

KEY TERMS 

 Original Problem: This is the original linear programming problem, also 

called as primal problem.  

 Dual Problem: A dual problem is a linear programming problem is another 

linear programming problem formulated from the parameters of the primal 

problem.  

 Dual Variables: Dual programming problem variables.  

 Optimum Solution: The solution where the objective function is minimized 

or maximized.  

 Shadow Price: Price of a resource is the change in the optimum value of the 

objective function per unit increase of the resource. 
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MODULE-3 

INTEGER PROGRAMMING 

 

INTRODUCTION 

A linear programming problem in which all or some of the decision variables are 

constrained to assume non-negative integer values is called an Integer Programming 

Problem. (IPP).  

In a linear programming problem if all variables are required to take integral values 

then it is called the pure (all) integer programming problem (Pure IPP).  

If only some of the variables in the optimal solution of an IPP are restricted to 

assume non-negative integer values while the remaining variables are free to take 

any non-negative values, then it is called a mixed integer programming problem 

(Mixed IPP).  

Further, if all the variables in the optimal solution are allowed to take values 0 or 1, 

then the problem is called the 0–1 programming problem or standard discrete 

programming problem. 

The general integer programming problem is given by Max Z = CX.  

Subject to the constraints A x < b x > 0 and some or all variables are integers. 

 

IMPORTANCE OF INTEGER PROGRAMMING PROBLEMS 

 In IPP, all the decision variables were allowed to take any non-negative real values 

as it is quite possible and appropriate to have fractional values in many situations. 

There are several frequently occurring circumstances in business and industry that 

lead to planning models involving integer valued variables. For example, in 

production, manufacturing is frequently scheduled in terms of batches, lots or runs. 

In allocation of goods, a shipment must involve a discrete number of trucks and 

aircrafts.  

In such cases, the fractional values of variables like 13/3 may be meaningless in the 

context of the actual decision problem. This is the main reason why integer 

programming is so important for marginal decisions. 
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APPLICATIONS OF INTEGER PROGRAMMING  

Integer programming is applied in business and industry. All assignment and 

transportation problems are integer programming problems, as in assignment and 

travelling salesmen problem, all the decision variables are either zero or one.  

i.e., xij = 0 or 1  

 

Other examples are capital budgeting and production scheduling problems. In fact, 

any situation involving decisions of the type ‘either to do a job or not to do’ can be 

viewed as an IPP In all such situations 

   xij = 1 if the jth activity is performed,  

0 if the jth activity is not performed.  

 

In addition, allocation problems involving the allocation of men, and machines give 

rise to IPP, since such communities can be assigned only in integers and not in 

fractions.  

Note: If the non-integer variable is rounded off, it violates the feasibility and also 

there is no guarantee that the rounded off solution will be optimal. Due to these 

difficulties, there is a need for developing a systematic and efficient procedure for 

obtaining the exact optimal integer solution to such problems.  

Many decision-making problems involve a process that takes place in such a way 

that at each stage, the process is dependent on the strategy chosen. Such type of 

problems are called Dynamic Programming Problem (DPP).  Thus, DPP is 

concerned with the theory of multistage decision process. Mathematically, a DPP is 

a decision making problem in n variables, the problem being subdivided into n sub-

problems (segments), each sub-problem being a decision-making problem in one 

variable only. The solution to a DPP is achieved sequentially, starting from one 

(initial) stage to the next, till the final stage is reached. 

 

Pure Integer Programs  

An IP in which all the decision variables are required to be integers is called a Pure 

Integer Program, or simply an Integer Program (IP). For example,  

    Maximize:    z = 3x1 + 2x2  

    Subjected to:    x1 + x2 ≤ 6  

                             x1, x2 ≥ 0, integer is a pure integer program. 
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Mixed Integer Programs  

An IP in which some but not all of the decision variables are required to be integers 

is called a Mixed Integer Program (MIP). For example,  

Maximize. z = 3x1 + 2x2  

Subjected to.  x1 + x2 ≤ 6 x1, x2 ≥ 0,  x1 integer is a pure integer program.  

Indeed, x1 is required to be an integer, but x2 is not.  

 

Branch-And-Bound Method 

 In this section we provide a relatively fast algorithm for solving IPs and MIPs. The 

general idea of the algorithm is to solve LP relaxations of the IP and to look for an 

integer solution by branching and bounding on the decision variables provided by 

the LP relaxations. 

Example: 

Let us solve the following pure IP: 

The Integrity Furniture Corporation manufactures tables and chairs. A table requires 

1 hour of labor and 9 units of wood. A chair requires 1 hour of labor and 5 units of 

wood. Currently 6 hours of labor and 45 units of wood are available. Each table 

contributes =€8 to profit, and each chair contributes =€5 to profit. Formulate and 

solve an IP to maximize Integrity Furniture’s profit. 

Let x1 = number of tables manufactured,  

      x2 = number of chairs manufactured.  

Since x1 and x2 must be integers, Integrity Furniture wishes to solve the following 

(pure) IP 

 Maximize: z = 8x1 + 5x2 

 Subjected to:  x1 + x2 ≤ 6 (Labor)  

                 9x1 + 5x2 ≤ 45 (Wood)  

                    x1, x2 ≥ 0, integer 
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The first step in the branch-and-bound method is to solve the LP relaxation of the IP  

      Maximize: z = 8x1 + 5x2 

      Subjected to:  x1 + x2 ≤ 6 (Labor)  

     9x1 + 5x2 ≤ 45 (Wood)  

                  x1, x2 ≥ 0 

 If all the decision variables (x1 for tables and x2 for chairs in the example we are 

considering) in the LP relaxation’s optimum happen to be integers, then the optimal 

solution of the LP relaxation is also the optimal solution to the original IP. 

 After solving SP 1 (graphically, say, cf. the next picture) we find the solution to be  

z = 165/4 

    x1 = 15/4 

 x2 = 9/4  

This means that we were not lucky: The decision variables turned out to be 

fractional. So, the LP relaxation has (possibly) a better optimum than the original 

IP. In any case, we have found an upper bound to the original IP: Integrity Furniture 

Corporation cannot possibly have better profit than =€165/4. 
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Next we split the feasible region (painted light green in the previous picture) of the 

LP relaxation in hope to find a solution that is an integer one. We arbitrarily choose 

a variable that is fractional at the optimal solution of the LP SP 1 (the LP 

relaxation). We choose x1. Now, x1 was 15/4 = 3.75. Obviously, at the optimal 

solution to the IP we have either x1 ≤ 3 or x1 ≥ 4, since the third alternative 3 < x1 < 

4 is out of the question for IPs. So, we consider the two possible cases x1 ≤ 3 and x1 

≥ 4 as separate sub problems. We denote these sub problems as SP 2 and SP 3. So, 

SP 2 = SP 1 + “x1 ≥ 4”,  

SP 3 = SP 1 + “x1 ≤ 3”. 

In the next picture we see that every possible feasible solution of the Integrity 

Furniture’s IP (the bullet points) is included in the feasible region of either SP 2 or 

SP 3. Also, SP 2 and SP 3 have no common points. Since SP 2 and SP 3 were 

created by adding constraints involving the fractional solution x1, we say that SP 2 

and SP 3 were created by branching on x1. 

 

We see that SP 3 has an integer solution. Unfortunately, the integer solution of SP 

3, z = 39, x1 = 3, x2 = 3 is suboptimal when compared to the non-integer solution,   

z = 41, x! = 4, x2 = 9/4, of SP 2. So, it is possible that the SP 2 has a further sub 

problem that has better integer solution than SP 3. So, we have to branch SP 2. 

 Before branching SP 2 let us represent what we have done in a tree. The colors in 

the next tree refer to the colors in the previous picture. 
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As pointed out, we must now branch on SP 2. Since x1 = 4 is an integer. We branch 

on x2 = 9/5 = 1.8. So, we have the new sub problems SP 4 = SP 2 + “x2 ≥ 2”, SP 5 = 

SP 2 + “x2 ≤ 1”. 

 When the solutions to these sub problems are added to the tree above we get the 

following tree (the color coding is dropped): 

 

We see that SP 4 is infeasible. So, the optimal solution is not there. However, SP 5 

gives us a non-integer solution that is better than the integer solution of SP 3. So, 

we have to branch on SP 5. Since x2 = 1 is already an integer, we branch on x1 = 

40/9 = 4.444. So, we get two new sub problems  
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   SP 6 = SP 5 + “x1 ≥ 5”, 

       SP 7 = SP 5 + “x1 ≤ 4”. 

 After this branching we finally arrive at the final solution where all the sub 

problems are either unfeasible. (There is no color coding in the boxes in the 

following tree. There is border coding, however. A thick borderline expresses a 

feasible IP solution, and a dashing red borderline expresses an infeasible case.) 

 

From the tree above can read the solution to the IP: The SP 6 is the optimal 

sub problem with integer solution. So, the solution to the IP is 

z = 40,  

x1 = 5,  

x2 = 0. 

General Branch-And-Bound Algorithm  

We have solved a pure IP with branch and bound. To solve MIP with branch and-

bound one follows the same steps as in the pure IP case except one only branches 

on decision variables that are required to be integers. So, solving MIPs is actually 

somewhat easier than solving pure IPs!  
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We have seen all the parts of the branch-and-bound algorithm. The essence of the 

algorithm is as follows:  

1. Solve the LP relaxation of the problem. If the solution is integer where required, 

then we are done. Otherwise create two new sub problems by branching on a 

fractional variable that is required to be integer.  

2. A sub problem is not active when any of the following occurs: 

 (a) You used the sub problem to branch on. 

 (b) All variables in the solution that are required to be integers, are integers.  

(c) The sub problem is infeasible.  

(d) You can fathom the sub problem by a bounding argument.  

3. Choose an active sub problem and branch on a fractional variable that should be 

integer in the final solution. Repeat until there are no active sub problems.  

4. Solution to the (M) IP is the best (M)IP solution of the sub problems you have 

created. It is found in one of the leaf of the tree representing the sub problems. 

 

Decision Tree and Bellman’s Principle of Optimality  

A multistage decision system in which each decision and state variable can take 

only finite number of values can be represented graphically by a decision tree. 

 

 

Circles represent nodes corresponding to stages and lines between circles denote 

arcs corresponding to decisions.  

The dynamic programming technique deals with such situations by dividing the 

given problem into sub-problems or stages.  
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Bellman’s principle of optimality states that ‘An optimal policy (set of decisions) 

has the property that whatever the initial state and decisions are, the remaining 

decisions must constitute an optimal policy with regard to the state resulting from 

the first decision.’  

The problem which does not satisfy the principle of optimality cannot be solved by 

the dynamic programming method. 

 

Characteristics of DPP 

 The basic features which characterize the dynamic programming problem are as 

follows. 

 1. The problem can be divided into stages with a policy decision required at each 

stage. 

 2. Every stage consists of a number of states associated with it. The states are the 

different possible conditions in which the system may find itself at that stage of the 

problem.  

3. Decision at each stage converts the current stage into the state associated with the 

next stage.  

4. The state of the system at a stage is described by a set of variables called state 

variables. 

 5. When the current state is known, an optimal policy for the remaining stages is 

independent of the policy of the previous ones.  

6. The solution procedure begins by finding the optimal policy for each state to the 

last stage.  

7. A recursive relationship which identifies the optimal policy for each state with n 

stages remaining, given the optimal policy for each state with (n[1) stages left.  

8. Using recursive equation approach, each time the solution procedure moves 

backward stage by stage for obtaining the optimum policy of each state for the 

particular stage, till it attains the optimum policy beginning at the initial stage.  

Note: A stage may be defined as the portion of the problem that possesses a set of 

mutually exclusive alternatives from which the best alternative is to be selected. 
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Advantages of DPP  

1. Generally the solution of a recursive equation involves two types of computations 

depending upon whether the system is continuous or discrete. In the first case, the 

optimal decision at each stage is obtained by using the usual classical method of 

optimization. In the second case, a tabular computational scheme is followed. 

 2. The D.P.P is solved by using the recursive equation, starting from the first to the 

last stage i.e. obtaining the sequence f 1 f 2 f 3 ...f n of the optimal solution. This 

computation is called the forward computational procedure. If the recursive 

equations are formulated to obtain a sequence f n f n–1 ...f 1 then the computation is 

known as the backward computational procedure. 

 

Dynamic Programming Algorithm  

The solution of a multistage problem by dynamic programming involves the 

following steps.  

Step 1: Identify the decision variables and specify the objective function to be 

optimized under certain limitations, if any.  

Step 2: Decompose the given problem into a number of smaller sub-problems. 

Identify the state variable at each stage.  

Step 3: Write down the general recursive relationship for computing the optimal 

policy. Decide whether forward or backward method is to be followed to solve the 

problem.  

Step 4: Construct appropriate stages to show the required values of the return 

function at each stage. 

 Step 5: Determine the overall optimal policy or decisions and its value at each 

stage. There may be more than such optimal policy. 
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KEY TERMS 

 Tactical decisions: Decisions which affect a business in the short run.  

 Strategic decisions: Decisions which have far-reaching effects on the course 

of business.  

 Pay-off table: It represents the economics of a problem, i.e., revenue and costs 

associated with any action with a particular outcome. It is an ordered statement 

of profit or costs resulting under the given situation. 

 Opportunity loss table: It is the loss incurred because of failure to take the 

best possible action. Opportunity losses are calculated separately for each state 

of nature that might occur. 

  Decision-making under certainty: In this case, the decision-maker knows 

with certainty the consequences of every alternative or decision choice. The 

decision-maker presumes that only one state of nature is relevant for his 

purpose.  

 Decision-making under uncertainty: When the decision-maker faces 

multiple states of nature but he has no means to arrive at probability values to 

the likelihood of occurance of these states of nature, the problem is a decision 

problem under uncertainty.  

 Decision tree: A diagrammatic presentation of the sequential and 

multidimensional aspects of a particular decision problem for systematic 

analysis and evaluation.  

 Pure IPP: In a linear programming problem if all variables are required to 

take integral values then it is called the pure (all) integer programming 

problem (Pure IPP).  

 Mixed IPP: If only some variables in the optimal solution of an IPP are 

restricted to assume non-negative integer values while the remaining variables 

are free to take any non-negative values, then it is called a mixed integer 

programming problem (Mixed IPP). 

 

 

 

 

 



         ֎NN 
101 

MODULE-4 

TRANSPORTATION AND ASSIGNMENT PROBLEMS 
 

 

INTRODUCTION 

The transportation problem is a special type of linear programming problem where 

the ‘objective is to minimize the cost of distributing a product from a number of 

sources or origins to a number of destinations. Because of its special structure the 

usual simplex method is not suitable for solving transportation problems. These 

problems require a special method of solution. The origin of a transportation 

problem is the location from which shipments are dispatched. The destination of a 

transportation problem is the location to which shipments are transported. The unit 

transportation cost is the cost of transporting one unit of the consignment from an 

origin to a destination. 

In the most general form, a transportation problem has a number of origins and a 

number of destinations. A certain amount of a particular consignment is available in 

each origin. Likewise, each destination has a certain requirement. The 

transportation problem indicates the amount of consignment to be transported from 

various origins to different destinations so that the total transportation cost is 

minimized without violating the availability constraints and the requirement 

constraints. The decision variables Xij of a transportation problem indicate the 

amount to be transported from the ith origin to the jth destination. Two subscripts are 

necessary to describe these decision variables. A transportation problem can be 

formulated as a linear programming problem using decision variables with two 

subscripts.  

Example: A manager has four Factories (i.e. origins) and four Warehouses (i.e. 

destinations). The quantities of goods available in each factory, the requirements of 

goods in each warehouse and the costs of transportation of a product from each 

factory to each warehouse are given. His objective is to ascertain the quantity to be 

transported from various factories to different warehouses in such a way that the 

total transportation cost is minimized. 
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Balanced Transportation Problem  

Balanced Transportation Problem is a transportation problem where the total 

availability at the origins is equal to the total requirements at the destinations.  

For example, in case the total production of 4 factories is 1000 units and total 

requirements of 4 warehouses is also 1000 units, the transportation problem is said 

to be a balanced one. 

 

Unbalanced Transportation Problem   

Unbalanced transportation problem is a transportation problem where the total 

availability at the origins is not equal to the total requirements at the destinations. 

 For example, in case the total production of 4 factories is 1000 units and total 

requirements of 4 warehouses is 900 units or 1,100 units, the transportation problem 

is said to be an unbalanced one. To make an unbalanced transportation problem, a 

balanced one, a dummy origins) or a dummy destination (s) (as the case may be) is 

introduced with zero transportation cost per unit. 

 

Dummy Origin/Destination 

 A dummy origin or destination is an imaginary origin or destination with zero cost 

introduced to make an unbalanced transportation problem balanced. If the total 

supply is more than the total demand we introduce an additional column which will 

indicate the surplus supply with transportation cost zero. Likewise, if the total 

demand is more than the total supply, an additional row is introduced in the Table, 

which represents unsatisfied demand with transportation cost zero. 

 

 

Practical Steps Involved In Solving Transportation Problems Of Minimization  

The practical steps involved in solving transportation problems of minimization 

type are given below:  

Step 1- See whether Total Requirements are equal to Total Availability; if yes, go to 

Step 2; if not, Introduce a Dummy Origin/Destination, as the case may be, to make 

the problem a balanced one Taking Transportation Cost per unit as zero for each 

Cell of Dummy Origin/Destination or as otherwise indicated.  

Step 2- Find Initial Feasible Solution by following either the Least Cost Method (or 

LCM) or North-West Comer Method (or NWCM) or Vogel’s Approximation 

Method (or VAM). 
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 Step 3- After obtaining the Initial Feasible Solution Table, see whether Total 

Number of Allocations are equal to “m + n - 1”,; if yes, go to Step 4; if not, 

introduce an infinitely small quantity Independent Cell. (i.e., for which no Loop can 

be formed). Note: Introduce as many number of ‘e’ as the total number of allocated 

cells falls below “m + n -1”.  

Step 4- Optimality Test: Carry out the Optimality Test on the Initial Solution Table 

to find out the optimal solution.  

Step 5 – Calculate the Total Minimum Cost = S (X ij x C ij), where, X = Units 

Allocated to a Cell; 

 C = Shipping Cost per Unit of a Cell;          

  i = Row Number;  

  j = Column Number 

 

Practical Steps Involved In Solving Transportation Problems of Maximization 

Type  

The practical steps involved in solving transportation problems of maximization 

type are given below:  

Step-1:- Derive Profit Matrix by calculating the Profit by the following equation: 

                   Profit = Selling Price - Production Cost - Transportation Cost  

Step-2:-See whether Total Requirements are equal to Total Availability; if yes, go 

to Step 3; if not, introduce a Dummy Origin/Destination, as the case may be, to 

make the problem a balanced one, taking Profit per unit as zero for each Cell of 

Dummy Origin/Destination or as otherwise indicated.  

Step-3:-Derive Loss Matrix by deducting each element from the largest element in 

order to use minimization technique.  

Step-4:- After obtaining the Initial Feasible Solution Table, see whether Total 

Number of Allocations are equal to “m + n - 1”,; if yes, go to Step 5; if not, 

introduce an infinitely small quantity’ e’ to the Least Cost Independent Cell. (i.e., 

for which no Loop can be formed).  
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Note: Introduce as many number of ‘e’ as the total number of allocated cells falls 

below “m + n -1”.  

Step-5:- Optimality Test: Carry out the Optimality Test on the Initial Solution Table 

to find out the optimal solution.  

Step-6:- Calculate the Maximum Profit = Zigma (Xij x Pij)  

where, X = Units Allocated to a Cell;  

   P = Profit per Unit of a Cell;  

   i = Row Number; 

   j = Column Number 

 

Illustrations 

1. Suppose a manufacturing company owns three factories (sources) and distribute 

his products to five different retail agencies (destinations). The following table 

shows the capacities of the three factories, the quantity of products required by 

the various retail agencies and the cost of shipping one unit of the product from 

each of the three factories to each of the five retail agencies. 

 

Usually the above table is referred as Transportation Table, which provides the 

basic information regarding the transportation problem. The quantities inside the 

table are known as transportation cost per unit of product. The capacity of the 

factories 1, 2, 3 is 50, 100 and 150 respectively. The requirement of the retail 

agency 1, 2, 3, 4, 5 is 100,60,50,50, and 40 respectively. 
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 In this case, the transportation cost of one unit  

from factory 1 to retail agency 1 is 1,  

from factory 1 to retail agency 2 is 9,  

from factory 1 to retail agency 3 is 13, and so on.  

A transportation problem can be formulated as linear programming problem using 

variables with two subscripts.  

   Let x11=Amount to be transported from factory 1 to retail agency 1 

          x12= Amount to be transported from factory 1 to retail agency 2  

          ………….. 

          ………….. 

          …………..  

          ………….. 

          x35= Amount to be transported from factory 3 to retail agency 5. 

 

Let the transportation cost per unit be represented by C11, C12,…..C35 that is C11=1, 

C12=9, and so on. 

 Let the capacities of the three factories be represented by a1=50, a2=100, a3=150.  

Let the requirement of the retail agencies are b1=100, b2=60, b3=50, b4=50, and 

b5=40.  

Thus, the problem can be formulated as  

Minimize: C11x11+C12x12+……………+C35x35  

Subject to: x11 + x12 + x13 + x14 + x15 = a1 

 x21 + x22 + x23 + x24 + x25 = a2  

 x31 + x32 + x33 + x34 + x35 = a3 

 x11 + x21 + x31 = b1  

 x12 + x22 + x32 = b2 
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     x13 + x23 + x33 = b3  

x14 + x24 + x34 = b4  

x15 + x25 + x35 = b5 

         x11, x12, ……, x35 ≥ 0.  

Thus, the problem has 8 constraints and 15 variables. So, it is not possible to solve 

such a problem using simplex method. This is the reason for the need of special 

computational procedure to solve transportation problem. There are varieties of 

procedures, which are described in the next section. 

Transportation Algorithm 

 The steps of the transportation algorithm are exact parallels of the simplex 

algorithm, they are: 

 Step 1: Determine a starting basic feasible solution, using any one of the following 

three methods  

1. North West Corner Method  

2. Least Cost Method  

3. Vogel Approximation Method  

Step 2: Determine the optimal solution using the following method  

1. MODI (Modified Distribution Method) or UV Method. 

 

Basic Feasible Solution of a Transportation Problem 

The computation of an initial feasible solution is illustrated in this section with the 

help of the example discussed in the previous section. The problem in the previous 

example has 8 constraints and 15 variables we can eliminate one of the constraints 

since a1 + a2 + a3 = b1 + b2 + b3 + b4 +b5. Thus now the problem contains 7 

constraints and 15 variables. Note that any initial (basic) feasible solution has at 

most 7 non-zero Xij. Generally, any basic feasible solution with m sources (such as 

factories) and n destination (such as retail agency) has at most m + n -1 non-zero 

Xij.  
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The special structure of the transportation problem allows securing a non-artificial 

basic feasible solution using one the following three methods. 

• North West Corner Method   •Least Cost Method   •Vogel Approximation Method  

The difference among these three methods is the quality of the initial basic feasible 

solution they produce, in the sense that a better that a better initial solution yields a 

smaller objective value. Generally the Vogel Approximation Method produces the 

best initial basic feasible solution, and the North West Corner Method produces the 

worst, but the North West Corner Method involves least computations. 

 

North West Corner Method 

 The method starts at the North West (upper left) corner cell of the tableau (variable 

x11).  

Step -1: Allocate as much as possible to the selected cell, and adjust the associated 

amounts of capacity (supply) and requirement (demand) by subtracting the 

allocated amount.  

Step -2: Cross out the row (column) with zero supply or demand to indicate that no 

further assignments can be made in that row (column). If both the row and column 

becomes zero simultaneously, cross out one of them only, and leave a zero supply 

or demand in the uncrossed out row (column).  

Step -3: If exactly one row (column) is left uncrossed out, then stop. Otherwise, 

move to the cell to the right if a column has just been crossed or the one below if a 

row has been crossed out. Go to step -1. 

Example:  

Consider the previous problem discussed to illustrate the North West Corner 

Method of determining basic feasible solution.       
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The allocation is shown in the following table 

 

The arrows show the order in which the allocated (bolded) amounts are generated.  

The starting basic solution is given as x11 = 50,  

x21 = 50, x22 = 50  

x32 = 10, x33 = 50, x34 = 50, x35 = 40  

The corresponding transportation cost is  

     50 x 1 + 50 x 24 + 50 x 12 + 10 x 33 + 50 x 1 + 50 x 23 + 40 x 26 = 4420 

 

It is clear that as soon as a value of Xij is determined, a row (column) is eliminated 

from further consideration. The last value of Xij eliminates both a row and column. 

Hence a feasible solution computed by North West Corner Method can have at most 

m+n–1 positive Xij if the transportation problem has m sources and n destinations. 

 

 

Least Cost Method 

 The least cost method is also known as matrix minimum method in the sense we 

look for the row and the column corresponding to which Cij is minimum. This 

method finds a better initial basic feasible solution by concentrating on the cheapest 

routes. Instead of starting the allocation with the northwest cell as in the North West 

Corner Method, we start by allocating as much as possible to the cell with the 

smallest unit cost. If there are two or more minimum costs then we should select the 

row and the column corresponding to the lower numbered row. If they appear in the 

same row we should select the lower numbered column. We then cross out the 

satisfied row or column, and adjust the amounts of capacity and requirement 
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accordingly. If both a row and a column is satisfied simultaneously, only one is 

crossed out. Next, we look for the uncrossed-out cell with the smallest unit cost and 

repeat the process until we are left at the end with exactly one uncrossed-out row or 

column. 

Example:  

The least cost method of determining initial basic feasible solution is illustrated 

with the help of first problem [Previous one] 

 

The Least Cost method is applied in the following manner:  

We observe that C11=1 is the minimum unit cost in the table. Hence X11=50 and the 

first row is crossed out since the row has no more capacity. Then the minimum unit 

cost in the uncrossed-out row and column is C25=1, hence X25=40 and the fifth 

column is crossed out. Next C33=1is the minimum unit cost, hence X33=50 and the 

third column is crossed out. Next C22=12 is the minimum unit cost, hence X22=60 

and the second column is crossed out. Next we look for the uncrossed-out row and 

column now C31=14 is the minimum unit cost, hence X31=50 and crossed out the 

first column since it was satisfied. Finally C34=23 is the minimum unit cost, hence 

X34=50 and the fourth column is crossed out.  

So that the basic feasible solution developed by the Least Cost Method has 

transportation cost is  

       1 x 50 + 12 x 60 + 1 x 40 + 14 x 50 + 1 x 50 + 23 x 50 = 2710  

 

Note that the minimum transportation cost obtained by the least cost method is 

much lower than the corresponding cost of the solution developed by using the 

north-west corner method. 
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Vogel Approximation Method (VAM) 

VAM is an improved version of the least cost method that generally produces better 

solutions. The steps involved in this method are:  

Step-1: For each row (column) with strictly positive capacity (requirement), 

determine a penalty by subtracting the smallest unit cost element in the row 

(column) from the next smallest unit cost element in the same row (column) 

Step-2: Identify the row or column with the largest penalty among all the rows and 

columns. If the penalties corresponding to two or more rows or columns are equal 

we select the topmost row and the extreme left column.  

Step-3: We select Xij as a basic variable if Cij is the minimum cost in the row or 

column with largest penalty. We choose the numerical value of Xij as high as 

possible subject to the row and the column constraints. Depending upon whether ai 

or bj is the smaller of the two ith row or jth column is crossed out.  

Step 4: The Step 2 is now performed on the uncrossed-out rows and columns until 

all the basic variables have been satisfied.  

Example:  

Consider the following transportation problem 

 

Note: ai = Capacity (supply)  

          bj = Requirement (demand)  

Now, compute the penalty for various rows and columns which is shown in the 

following table: 
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Look for the highest penalty in the row or column, the highest penalty occurs in the 

second column and the minimum unit cost i.e. cij in this column is c12=22. Hence 

assign 40 to this cell i.e. x12=40 and cross out the second column (since second 

column was satisfied. This is shown in the following table: 

 

Origin 

Destination  

ai              Column                          
                   Penalty 

1 2 3 4 

1 20 22  17 4 80               13 

2 24        37   40 9 7 70                 2 

3 32 37 20 15 50                  5 

bj 60 40 30 110 240 

Row Penalty 4 15 8 3  

 

The next highest penalty in the uncrossed-out rows and columns is 13 which occur 

in the first row and the minimum unit cost in this row is c14=4, hence x14=80 and 

cross out the first row. The modified table is as follows: 
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The next highest penalty in the uncrossed-out rows and columns is 8 which occurs 

in the third column and the minimum cost in this column is c23=9, hence x23=30 and 

cross out the third column with adjusted capacity, requirement and penalty values. 

The modified table is as follows: 

 

The next highest penalty in the uncrossed-out rows and columns is 17 which occurs 

in the second row and the smallest cost in this row is c24=15, hence x24=30 and cross 

out the fourth column with the adjusted capacity, requirement and penalty values. 

The modified table is as follows: 

 

Origin 

Destination  

ai              Column                          
                   Penalty 

1 2 3 4 

1 20 22    17          4     80 0                   13 

2 24        37   40       9   30          7      30 10                 17 

3 32 37 20 15 50                  17 

bj 60 40 30 110 240 

Row Penalty 8 15 8 8  

 

The next highest penalty in the uncrossed-out rows and columns is 17 which occurs 

in the second row and the smallest cost in this row is c21=24, hence xi21=10 and 

cross out the second row with the adjusted capacity, requirement and penalty 

values. The modified table is as follows: 

 



         ֎NN 
113 

 

The next highest penalty in the uncrossed-out rows and columns is 17 which occurs 

in the third row and the smallest cost in this row is c31=32, hence xi31=50 and cross 

out the third row or first column. The modified table is as follows: 

 

The transportation cost corresponding to this choice of basic variables is  

              22 x 40 + 4 x 80 + 9 x 30 + 7 x 30 + 24 x 10 + 32 x 50 = 3520 
 

Modified Distribution Method  

The Modified Distribution Method, also known as MODI method or u-v method, 

which provides a minimum cost solution (optimal solution) to the transportation 

problem. The following are the steps involved in this method. 

Step-1: Find out the basic feasible solution of the transportation problem using any 

one of the three methods discussed in the previous section.  

Step-2: Introduce dual variables corresponding to the row constraints and the 

column constraints. If there are m origins and n destinations then there will be m+n 

dual variables. The dual variables corresponding to the row constraints are 
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represented by ui, i=1,2,…..m. where as the dual variables corresponding to the 

column constraints are represented by vj, j=1,2,…..n. The values of the dual 

variables are calculated from the equation given below ui + vj = cij if xij > 0  

Step-3: Any basic feasible solution has m + n -1 xij > 0. Thus, there will be m + n -1 

equation to determine m + n dual variables. One of the dual variables can be chosen 

arbitrarily. It is also to be noted that as the primal constraints are equations, the dual 

variables are unrestricted in sign.  

Step-4: If xij=0, the dual variables calculated in Step 3 are compared with the cij 

values of this allocation as cij – ui – vj. If al cij – ui – vj ≥ 0, then by the theorem of 

complementary slackness it can be shown that the corresponding solution of the 

transportation problem is optimum. If one or more cij – ui – vj < 0, we select the 

cell with the least value of cij – ui – vj and allocate as much as possible subject to the 

row and column constraints. The allocations of the number of adjacent cell are 

adjusted so that a basic variable becomes non-basic.  

Step-5: A fresh set of dual variables are calculated and repeat the entire procedure 

from Step 1 to Step 5. 

Example: 

For example consider the transportation problem given below: 

 

Step-1: First we have to determine the basic feasible solution. The basic feasible 

solution using least cost method is x11=50,  x22=60,  x25=40,  x31=50,  x32=10,                           

    x33=50 and x34=40 

 

 Step-2: The dual variables u1, u2, u3 and v1, v2, v3, v4, v5 can be calculated from 

the corresponding cij values, that is  

u1+v1=1                  u2+v2=12                    u2+v5=1                u3+v1=14  

         u3+v2=33                u3+v3=1                      u3+v4=23  
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Step-3: Choose one of the dual variables arbitrarily is zero that is u3=0 as it occurs 

most often in the above equations. The values of the variables calculated are 

 u1 = -13, u2= -21, u3=0  

 v1 =14, v2=33, v3=1, v4=23, v5=22  

 

Step 4: Now we calculate cij – ui – vj values for all the cells where xij=0 (.e. 

unallocated cell by the basic feasible solution) That is 

    Cell(1,2)= c12-u1-v2 = 9+13-33 = -11  

Cell(1,3)= c13-u1-v3 = 13+13-1 = 25  

Cell(1,4)= c14-u1-v4 = 36+13-23 = 26  

Cell(1,5)= c15-u1-v5 = 51+13-22 = 42  

Cell(2,1)= c21-u2-v1 = 24+21-14 = 31 

  Cell(2,3)= c23-u2-v3 = 16+21-1 = 36  

Cell(2,4)= c24-u2-v4 = 20+21-23 = 18  

Cell(3,5)= c35-u3-v5 = 26-0-22 = 4  

Note that in the above calculation all the cij – ui – vj ≥ 0 except for cell (1, 2)  

           Where c12 – u1 – v2 = 9+13- 33 = -11.  

Thus in the next iteration x12 will be a basic variable changing one of the present 

basic variables non-basic. We also observe that for allocating one unit in cell (1, 2) 

we have to reduce one unit in cells (3, 2) and (1, 1) and increase one unit in cell     

(3, 1). The net transportation cost for each unit of such reallocation is -33 -1 + 9 

+14 = -11  

The maximum that can be allocated to cell (1, 2) is 10 otherwise the allocation in 

the cell (3, 2) will be negative. Thus, the revised basic feasible solution is x11=40, 

x12=10, x22=60, x25=40, x31=60, x33=50, x34=40  

 

Unbalanced Transportation  

Problem In the previous section we discussed about the balanced transportation 

problem i.e. the total supply (capacity) at the origins is equal to the total demand 

(requirement) at the destination. In this section we are going to discuss about the 
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unbalanced transportation problems i.e. when the total supply is not equal to the 

total demand, which are called as unbalanced transportation problem.  

In the unbalanced transportation problem if the total supply is more than the total 

demand then we introduce an additional column which will indicate the surplus 

supply with transportation cost zero. Similarly, if the total demand is more than the 

total supply an additional row is introduced in the transportation table which 

indicates unsatisfied demand with zero transportation cost. 

Example: 

   Consider the following unbalanced transportation problem 

                                                                                         Warehouse 

 

 

 

 

 

In this problem the demand is 1300 whereas the total supply is 900. Thus, we now 

introduce an additional row with zero transportation cost denoting the unsatisfied 

demand. So that the modified transportation problem table is as follows: 

 

Now we can solve as balanced problem discussed as in the previous sections.  

 

Degenerate Transportation Problem 

 In a transportation problem, if a basic feasible solution with m origins and n 

destinations has less than m+n-1 positive Xij i.e. occupied cells, then the problem is 

said to be a degenerate transportation problem. The degeneracy problem does not 
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cause any serious difficulty, but it can cause computational problem wile 

determining the optimal minimum solution. 

 Therefore it is important to identify a degenerate problem as early as beginning and 

take the necessary action to avoid any computational difficulty. The degeneracy can 

be identified through the following results: “In a transportation problem, a 

degenerate basic feasible solution exists if and only if some partial sum of supply 

(row) is equal to a partial sum of demand (column). For example the following 

transportation problem is degenerate.  

Because in this problem a1 = 400 = b1  

             a2 + a3 = 900 = b2 + b3 

 Warehouses  

Plant w1 w2 w3 Supply (ai) 

X 20 17 25 400 

Y 10 10 20 500 

Unsatisfied demand 0 0 0 400 

    Demand (bj)                      400             400              500                 1300 

There is a technique called perturbation, which helps to solve the degenerate 

problems. 

 

Perturbation Technique 

The degeneracy of the transportation problem can be avoided if we ensure that no 

partial sum of ai (supply) and bj (demand) is equal. We set up a new problem  

Where,  ai = ai +d            i = 1, 2, ……, m  

     bj = bj                 j = 1, 2, ……, n -1  

     bn = bn + md      d > 0  

This modified problem is constructed in such a way that no partial sum of ai is equal 

to the bj. Once the problem is solved, we substitute d = 0 leading to optimum 

solution of the original problem. 
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Example: 

Consider the above problem 

 

Now this modified problem can be solved by using any of the three methods viz. 

North-west Corner, Least Cost, or VAM. 

 

Transshipment Problem  

There could be a situation where it might be more economical to transport 

consignments in several sages that is initially within certain origins and destinations 

and finally to the ultimate receipt points, instead of transporting the consignments 

from an origin to a destination as in the transportation problem. 

The movement of consignment involves two different modes of transport viz. road 

and railways or between stations connected by meter gauge and broad gauge lines. 

Similarly it is not uncommon to maintain dumps for central storage of certain bulk 

material. These require transshipment.  

Thus for the purpose of transshipment the distinction between an origin and 

destination is dropped so that from a transportation problem with m origins and n 

destinations we obtain a transshipment problem with m+n origins and m+n 

destinations. 

 

Example: 

Consider the following transportation problem where the origins are plants and 

destinations are depots. 
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When each plant is also considered as a destination and each depot is also 

considered as an origin, there are altogether five origins and five destinations. So 

that some additional cost data are necessary, they are as follows: 

 

 Table-3 
Unit transportation cost from Depot to Depot 

To 

From Depot X Depot Y Depot Z 

Depot X 0 25 2 

Depot Y 2 0 3 

Depot Z 55 3 0 
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A buffer stock of 450 which is the total supply and total demand in the original 

transportation problem is added to each row and column of the transshipment 

problem. The resulting transportation problem has m+n=5 origins and m+n=5 

destinations.  

By solving the transportation problem presented in the Table 5, we obtain  

x11=150        x13=300          x14=150         x21=3001         x22=450          

x33=300        x35=150          x44=450         x55=450       

 The transshipment problem explanation is as follows: 

1. Transport x21=300 from plant B to plant A. This increase the availability at plant 

A to 450 units including the 150 originally available from A.  

2. From plant A transport x13=300 to depot X and x14=150 to depot Y.  

3. From depot X transport x35=150 to depot Z.  

Thus, the total cost of transshipment is: 2x300 + 3x150 + 1x300 + 2x150 = $1650  

Note: The consignments are transported from pants A, B to depots X, Y, Z only 

according to the transportation Table 1, the minimum transportation cost schedule is 

x13=150     x21=150     x22=150 with a minimum cost of 3450. 

 Thus, transshipment reduces the cost of consignment movement. 
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Transportation Problem Maximization 

 There are certain types of transportation problem where the objective function is to 

be maximized instead of minimized. These kinds of problems can be solved by 

converting the maximization problem into minimization problem. The conversion 

of maximization into minimization is done by subtracting the unit costs from the 

highest unit cost of the table. The maximization of transportation problem is 

illustrated with the following 

Example: 

A company has three factories located in three cities viz. X, Y, Z. These factories 

supplies consignments to four dealers viz. A, B, C and D. The dealers are spread all 

over the country. The production capacity of these factories is 1000, 700 and 900 

units per month respectively. The net return per unit product is given in the 

following table. 

 

Determine a suitable allocation to maximize the total return. 

This is a maximization problem. Hence first we have to convert this in to 

minimization problem. The conversion of maximization into minimization is done 

by subtracting the unit cost of the table from the highest unit cost. 

 Look the table, here 8 is the highest unit cost. So, subtract all the unit cost from the 

8, and then we get the revised minimization transportation table, which is given 

below. 
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Now we can solve the problem as a minimization problem. 

 The problem here is degenerate, since the partial sum of a1=b2+b3 or a3=b3. So 

consider the corresponding perturbed problem, which is shown below. 

 

First we have to find out the basic feasible solution. The basic feasible solution by 

lest cost method is 

  x11=100+d,  x22=700-d,  x23=2d,       x33=500-2d and       x34=400+3d. 

  

Once if the basic feasible solution is found, next we have to determine the optimum 

solution using MODI (Modified Distribution Method) method. By using this 

method we obtain 

  u1+v1=2  u1+v2=2  u2+v2=6   u2+v3=4  u3+v3=1  u3+v4=0 

 

 Taking u1=0 arbitrarily we obtain u1=0, u2=4, u3=1 and  v1=2, v2=3, v3=0.  

On verifying the condition of optimality, we know that 

C12-u1-v2 < 0  and  C32-u3-v2 

 

So, we allocate x12=700-d and make readjustment in some of the other basic 

variables.  
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The revised values are: 

x11=200+d,    x12=800,     x21=700-d,   x23=2d,  x33=500-3d,   and     x34=400+3d  

     u1+v1=2   u1+v2=2             u2+v1=4  

     u2+v3=4   u3+v3=1            u3+v4=0  

Taking u1=0 arbitrarily we obtain u1=0, u2=2, u3=-1  

                                 v1=2, v2=2, v3=2, v4=1  

Now, the optimality condition is satisfied. 

 

 Finally, taking d=0 the optimum solution of the transportation problem is 

 X11=200,  x12=800,  x21=700,  x33=500 and  x34=400  

Thus, the maximum return is:  

6 X 200 + 6 X 800 + 4 X 700 + 7 X 500 + 8 X 400 = 15500 

SUMMARY 

 Transportation Problem is a special kind of linear programming problem. Because 

of the transportation problem special structure the simplex method is not suitable. 

But which may be utilized to make efficient computational techniques for its 

solution.  

Generally transportation problem has a number of origins and destination. A certain 

amount of consignment is available in each origin. Similarly, each destination has a 

certain demand/requirements. The transportation problem represents amount of 

consignment to be transported from different origins to destinations so that the 

transportation cost is minimized without violating the supply and demand 

constraints. 

There are two phases in the transportation problem. First is the determination of 

basic feasible solution and second is the determination of optimum solution.  

There are three methods available to determine the basic feasible solution, they are  

1. North West Corner Method  

2. Least Cost Method or Matrix Minimum Method  

3. Vogel’s Approximation Method (VAM) 
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 In order to determine optimum solution we can use either one of the following 

method  

1. Modified Distribution (MODI) Method Or  

2. Stepping Stone Method  

Transportation problem can be generalized into a Transshipment Problem where 

transportation of consignment is possible from origin to origin or destination as well 

as destination to origin or destination. The transshipment problem may be result in 

an economy way of shipping in some situations. 

 

KEY TERMS  

 Origin: is the location from which the shipments are dispatched.  

 Destination: is the location to which the shipments are transported. 

 Unit Transportation Cost: is the transportation cost per unit from an origin 

to destination.  

 Perturbation Technique: is a method of modifying a degenerate 

transportation problem in order to solve the degeneracy. 

 

ASSIGNMENT PROBLEM 

What Is Assignment Problem Assignment Problem is a special type of linear 

programming problem where the objective is to minimize the cost or time of 

completing a number of jobs by a number of persons. 

The assignment problem in the general form can be stated as follows: “Given n 

facilities, n jobs and the effectiveness of each facility for each job, the problem is to 

assign each facility to one and only one job in such a way that the measure of 

effectiveness is optimized (Maximized or Minimized).”Several problems of 

management have a structure identical with the assignment problem.  

Example-I: A manager has four persons (i.e. facilities) available for four separate 

jobs (i.e. jobs) and the cost of assigning (i.e. effectiveness) each job to each person 

is given. His objective is to assign each person to one and only one job in such a 

way that the total cost of assignment is minimized.  
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Example-II: A manager has four operators for four separate jobs and the time of 

completion of each job by each operator is given. His objective is to assign each 

operator to one and only one job in such a way that the total time of completion is 

minimized.  

Example-III: A tourist car operator has four cars in each of the four cities and four 

customers in four different cities. The distance between different cities is given. His 

objective is to assign each car to one and only one customer in such a way that the 

total distance covered is minimized. 

 

Hungarian Method  

Although an assignment problem can be formulated as a linear programming 

problem, it is solved by a special method known as Hungarian Method because of 

its special structure. If the time of completion or the costs corresponding to every 

assignment is written down in a matrix form, it is referred to as a Cost matrix. The 

Hungarian Method is based on the principle that if a constant is added to every 

element of a row and/or a column of cost matrix, the optimum solution of the 

resulting assignment problem is the same as the original problem and vice versa. 

The original cost matrix can be reduced to another cost matrix by adding constants 

to the elements of rows and columns where the total cost or the total completion 

time of an assignment is zero. Since the optimum solution remains unchanged after 

this reduction, this assignment is also the optimum solution of the original problem. 

If the objective is to maximize the effectiveness through Assignment, Hungarian 

Method can be applied to a revised cost matrix obtained from the original matrix 

 

Balanced Assignment Problem 

 Balanced Assignment Problem is an assignment problem where the number of 

facilities is equal to the number of jobs. 

 

Unbalanced Assignment Problem  

Unbalanced Assignment problem is an assignment problem where the number of 

facilities is not equal to the number of jobs. To make unbalanced assignment 

problem, a balanced one, a dummy facility(s) or a dummy job(s) (as the case may 

be) is introduced with zero cost or time. 

Dummy Job/Facility  

A dummy job or facility is an imaginary job/facility with zero cost or time 

introduced to make an unbalanced assignment problem balanced.  



         ֎NN 
126 

 

An Infeasible Assignment. 
An Infeasible Assignment occurs in the cell (i, j) of the assignment cost matrix if Ith 

person is unable to perform jth job. .  

It is sometimes possible that a particular person is incapable of doing certain work 

or a specific job cannot be performed on a particular machine. The solution of the 

assignment problem should take into account these restrictions so that the infeasible 

assignments can be avoided. This can be achieved by assigning a very high cost to 

the cells where assignments are prohibited. 
 

Practical Steps Involved in Solving Minimization Problems  

Step-1: See whether Number of Rows are equal to Number of Column. If yes, 

problem is balanced one; if not, then add a Dummy Row or Column to make the 

problem a balanced one by allotting zero value or specific value (if any given) to 

each cell of the Dummy Row or Column, as the case may be. 

 Step-2: Row Subtraction: Subtract the minimum element of each row from all 

elements of that row. Note: If there is zero in each row, there is no need for row 

subtraction.  

Step-3: Column Subtraction: Subtract the minimum element of each column from 

all elements of that column. Note: If there is zero in each column, there is no need 

for column subtraction.  

Step-4: Draw minimum number of Horizontal and/or Vertical Lines to cover all 

zeros. To draw minimum number of lines the following procedure may be followed: 

1. Select a row containing exactly one uncovered zero and draw a vertical line 

through the column containing this zero and repeat the process till no such 

row is left. 

2. Select a column containing exactly one uncovered zero and draw a horizontal 

line through the row containing the zero and repeat the process till no such 

column is left. 

Step-5: If the total lines covering all zeros are equal to the size of the matrix of the 

Table, we have got the optimal solution; if not, subtract the minimum uncovered 

element from all uncovered elements and add this element to all elements at the 

intersection point of the lines covering zeros.  
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Step-6: Repeat Steps 4 and 5 till minimum number of lines covering all zeros is 

equal to the size of the matrix of the Table. 

 Step-7: Assignment: Select a row containing exactly one unmarked zero and 

surround it by, ‘and draw a vertical line through the column containing this zero. 

Repeat this process till no such row is left; then select a column containing exactly 

one unmarked zero and surround it by, and draw a horizontal line through the row 

containing this zero and repeat this process till no such column is left. Note: If there 

is more than one unmarked zero in any row or column, it indicates that an 

alternative solution exists. In this case, select anyone arbitrarily and pass two lines 

horizontally and vertically.  

Step-8: Add up the value attributable to the allocation, which shall be the minimum 

value.  

Step-9: Alternate Solution: If there are more than one unmarked zero in any row or 

column, select the other one (i.e., other than the one selected in Step 7) and pass 

two lines horizontally and vertically. Add up the value attributable to the allocation, 

which shall be the minimum value. 

 

Practical Steps Problems Involved Solving In Maximization  

Step 1: See whether Number of Rows is equal to Number of Columns. If yes, 

problem is a balanced one; if not, then adds a Dummy Row or Column to make the 

problem a balanced one by allotting zero value or specific value (if any given) to 

each cell of the Dummy Row or Column, as the case may be.  

Step 2: Derive Profit Matrix by deducting cost from revenue.  

Step 3: Derive Loss Matrix by deducting all elements from the largest element.  

Step 4: Follow the same Steps 2 to 9 as involved in solving Minimization Problems. 
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APPROACH TO SOLUTION 

 Let us consider a simple example and try to understand the approach to solution 

and then discuss complicated problems. 

1. Solution by visual method 

 In this method, first allocation is made to the cell having lowest element. (In case 

of maximization method, first allocation is made to the cell having highest 

element). If there is more than one cell having smallest element, tie exists and 

allocation may be made to any one of them first and then second one is selected. In 

such cases, there is a possibility of getting alternate solution to the problem. This 

method is suitable for a matrix of size 3 × 4 or 4 × 4. More than that, we may face 

difficulty in allocating 

 

 Example: 

There are 3 jobs A, B, and C and three machines X, Y, and Z. All the jobs can be 

processed on all machines. The time required for processing job on a machine is 

given below in the form of matrix. Make allocation to minimize the total processing 

time 

 

Allocation: A to X, B to Y and C to Z and the total time = 11 + 13 +12 = 36 hours. 

(Since 11 is least, Allocate A to X, 12 is the next least, Allocate C to Z) 

 

2. Solving the assignment problem by enumeration  

Let us take the same problem and workout the solution. 
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Like this we have to write all allocations and calculate the cost and select the lowest 

one. If more than one assignment has same lowest cost then the problem has 

alternate solutions. 

 

3. Solution by Transportation method  

Let us take the same example and get the solution and see the difference between 

transportation problem and assignment problem. The rim requirements are 1 each 

because of one to one allocation. 
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As the basic feasible solution must have m+n–1 allocations, we have to add 2 

epsilons. Next we have to apply optimality test by MODI to get the optimal answer. 

This is a time consuming method. Hence it is better to go for assignment algorithm 

to get the solution for an assignment problem. 

 

4. Hungarian Method / Flood's technique / Assignment algorithm: 

(opportunity cost method)  

Let us once again take the same example to workout with assignment algorithm. 

 

 

Step-1:- Deduct the smallest element in each row from the other elements of 

the row: The matrix thus got is known as Row opportunity cost matrix (ROCM). 

The logic here is if we assign the job to any machine having higher cost or time, 

then we have to bear the penalty. If we subtract smallest element in the row or 

from all other element of the row, there will be at least one cell having zero, i.e 

zero opportunity cost or zero penalty. Hence that cell is more competent one for 

assignment. 

 

Step-2:-Deduct the smallest element in each column from other elements of 

the column: The matrix thus got is known as Column opportunity cost matrix 

(COCM). Here also by creating a zero by subtracting smallest element from all 

other elements we can see the penalty that one has to bear. Zero opportunity cell 

is more competent for assignment. 

 

 Step-3:- Add COCM and ROCM to get the Total opportunity cost matrix 

(TOCM). 
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 Step-4:- (Modified): Total opportunity cost matrix can be got by simplify 

doing row operation on Column opportunity matrix or column operation on 

row opportunity cost matrix: This method is simple one and saves time. 

(Doing row operation on column opportunity matrix means: Deduct the smallest 

element in the row from all other elements in the row in column opportunity 

matrix and vice versa). The property of total opportunity cost matrix is that it 

will have at least one zero in every row and column. All the cells, which have 

zero as the opportunity cost, are eligible for assignment.  

 

Step-5:- Once we get the total opportunity cost matrix, cover all the zeros by 

MINIMUM NUMBER OF HORIZONTAL AND VERTICAL LINES:  

(First cover row or column, which is having maximum number of zeros and then 

next row or column having next highest number of zeros and so on until all zeros 

are covered. Remember, only horizontal and vertical lines are to be drawn.  

Step-6:- If the lines thus drawn are equal to the number of rows or columns 

(because of square matrix), we can make assignment. If lines drawn are not 

equal to the number of rows or columns go to step 7. 

 Step-7:- To make assignment: Search for a single zero either row wise or 

column wise. If you start row wise, proceed row by row in search of single zero. 

Once you find a single zero; assign that cell by enclosing the element of the cell 

by a square. Once all the rows are over, then start column wise and once you find 

single zero assign that cell and enclose the element of the one cell in a square.  

Once the assignment is made, then all the zeros in the row and column 

corresponding to the assigned cell should be cancelled. Continue this procedure 

until all assignments are made. Sometimes we may not find single zero and find 

more than one zero in a row or column. It indicates, that the problem has an 

alternate solution. We can write alternate solutions. (The situation is known as a 

TIE in assignment problem).  

Step-8:- If the lines drawn are less than the number of rows or columns, 

then we cannot make assignment: Hence the following procedure is to be 

followed: The cells covered by the lines are known as Covered cells. The cells, 

which are not covered by lines, are known as uncovered cells. The cells at the 

intersection of horizontal line and vertical lines are known as Crossed cells. 
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(a) Identify the smallest element in the uncovered cells.  

  i. Subtract this element from the elements of all other uncovered cells. 

 ii. Add this element to the elements of the crossed cells. 

 iii. Do not alter the elements of covered cells.  

(b) Once again cover all the zeros by minimum number of horizontal and vertical 

lines.  

(c) Once the lines drawn are equal to the number of rows or columns, assignment 

can be made as said in step (6). 

(d) If the lines are not equal to number of rows or columns, repeat the steps 7 (a) 

and 7 (b) until we get the number of horizontal and vertical lines drawn are equal 

to the number of rows or columns and make allocations as explained in step (6).  

Note: For maximization same procedure is adopted, once we convert the 

maximization problem into minimization problem by multiplying the matrix by 

(-1) or by subtracting all the elements of the matrix from highest element in the 

matrix. Once we do this, the entries in the matrix gives us relative costs, hence 

the problem becomes minimization problem. Once we get the optimal 

assignment, the total value of the original pay off measure can be found by 

adding the individual original entries for those cells to which assignment have 

been made.  

Now let us take the problem given above and solve. 
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Step-1: To Find ROCM 

 

Step-2: To find TOCM (do colunm operation in ROCM) 

 

Because in each column, Zero is the lowest element, the matrix remain 

unchanged. i.e., The COCM itself TOCM 

 

Step-3: To cover all the zeros by minimum number of horizontal and verticle 

lines. 

 

     Assignment is: 
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Problem-2 

A company has five jobs V, W, X, Y and Z and five machines A, B, C, D and E. 

The given matrix shows the return in Rupees. of assigning a job to a machine. 

Assign the jobs to machines so as to maximize the total returns. 

 

Solution:-  

As the objective function is to maximize the returns, we have to convert the given 

problem into minimization problem.  

Method 1. Here highest element in the matrix is 14, hence subtract all the element 

form 14 and write the relative costs. (Transformed matrix). M 
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                      ROCM: 

                                                             

       By doing column operation on ROCM, we get the total oppurtunity cost matrix 

                        TOCM: 

 

Only three lines are there. So we have to go to step 7. The lowest element in 

uncovered cell is 1, hence subtract 1 from all uncovered cells and add this element 

to crossed cells and write the matrix. The resultant matrix is: 
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Only four lines are there, hence repeat the step-7 until we get 5 lines. 

 

All zeros are covered by 5 lines, Hence assignment can be made. Start row wise or 

column wise and go on making assignment are over. 

 

               

Problem-3 

Five jobs are to be assigned to 5 machines to minimize the total time required to 

process the jobs on machines. The times in hours for processing each job on each 

machine are given in the matrix below. By using assignment algorithm make the 

assignment for minimizing the time of processing. 
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Solution:- 

 

                           COCM: 

 

As the COCM has at least one zero in every column and row, this itself can be 

considered as TOCM, because as the zero is the lowest number in each column, the 

matrix remains unchanged. If we cover all the zeros by drawing horizontal and 

vertical lines, we get only four lines. Applying step 7 we get the following matrix. 
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As there are five lines that cover all zeros, we can make assignment. 

 

Alternate solution:- 

 

 

 

First Solution:-A to X, B to W, C to Z, D to Y and E to V Cost is: 3+4+ 4+7+2 = 20 hours.  

Second Solution:- A to Y, B to W, C to V, D to Z and E to X. Cost is: 5+4+2+4+5= 20 Hours. 

 When there is a tie, make assignment arbitrarily first to one of the zeros and then proceed, we 

will get the assignment. When there is a tie, there exists an alternate solution. 
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Problem-4 

 A manager has 4 jobs on hand to be assigned to 3 of his clerical staff. Clerical staff 

differs in efficiency. The efficiency is a measure of time taken by them to do 

various jobs. The manager wants to assign the duty to his staff, so that the total time 

taken by the staff should be minimum. The matrix given below shows the time 

taken by each person to do a particular job. Help the manager in assigning the jobs 

to the personnel 

 

Solution:-  

The given matrix is unbalanced. To balance the matrix, open a dummy column with 

time coefficients as zero.  

(DC = Dummy column). 

 

As every row has a zero, we can consider it as ROCM and by doing column 

operation, we can write TOCM. Now apply step 7. 
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The assignment is: A to X, B to Z, and C to Y and D is not assigned.  

Total time required is: 10 + 7 + 21 = 38 Hours. 

 
 

Problem-5 

A company has four market segments open and four salesmen are to be assigned 

one to each segment to maximize the expected total sales. The salesmen differ in 

their ability and the segments also differ in their sales potential. The details 

regarding the expected sales in each segment by a typical salesman under most 

favourable condition are given below.  

 

Segment Expected Sales 

A 60,000 

B 50,000 

C 40,000 

D 30,000 

It is estimated that working under same condition, the ability of salesmen in terms 

of proportional yearly sales would be as below:  

Salesman W = 7, Salesman X = 5, Salesman Y = 5 and Salesman Z = 4.  

Assign segments to salesmen for maximizing the total expected sales. 
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Solution:- 

 To simplify the calculations, let us consider sales of Rs.10, 000/- as one unit of 

sale, then salesman W’s annual sales in four segments are: 

 His proportionate sale is seven out of 21 (7 + 5 + 5 + 4 = 21). In case the annual 

sales is 6 units (Rs.60, 000), then his proportional sales would be (7 / 21) × 6 = 42 / 

21 similarly his sales in all the segments would be (7/21) × 6, (7/21) × 5, (7/21) × 5, 

and (7/21) × 4 i.e. 42/21, 35/21, 35/21 and 28/21. Likewise we can calculate the 

proportional sales of all salesmen and write the matrix showing the sales of each 

salesman in different market segments. The matrix is given below: 
 

 
 

Multiply the matrix by21 to avoid the denominator. As the problem is maximization 

one, convert the problem into minimization problem by multiplying by (-1) (Second 

method). The resultant matrix is: 

 

        ROCM: 
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TOCM: 

 

TOCM: 

 

  TOCM: 

 
 

Assignment (First solution) 
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Alternate Solution:- 

 
Solution-I:  W to A, X to B, Y to C and Z to D. Sales: 42+25+20+12 =Rs.99 x10,000  

Solution-II: W to A, X to C, Y to B and Z to D Sales: 42+20+25+12= Rs.99 x10,000 
 
 
 

Problem-6 

 The city post office has five major counters namely, Registration (R), Savings (S), 

Money – Order (M), Postal stationary (P) and Insurance / license (I). The 

postmaster has to assign five counters to five clerks A, B, C, D and E one for each 

counter. Considering the experience and ability of these clerks he rates their 

suitability on a certain 10 - point scale of effectiveness of performance for 

accomplishing different counter duties, as listed below. Assign the counters to the 

clerks for maximum effective performance. 
 

 

Convert the problem into minimization problem. (We can deduct all other elements 

form highest element).  

Note:- As every row has a zero, we can consider it as Row Opportunity Cost 

Matrix.  
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       ROCM: 

 

      TOCM: 
 

 

         As five lines are there we can make assignment. 

 

Assignment: R to B, S to E, M to A, P to D and I to C.  

Total effectiveness: 6 + 8 + 7 + 8 + 6 = 35 points. 

 

 
 

Problem-7 

There are 5 jobs namely, A, B, C, D, and E. These are to be assigned to 5 machines 

P, Q, R, S and T to minimize the cost of production. The cost matrix is given below. 

Assign the jobs to machine on one to one basis 
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   ROCM: 

            

   TOCM: 

                                      

There are five lines and hence we can make assignment. 
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Assignment: P to C, Q to B, R to A, and S to D and T to E. 

 Total cost = 4 + 5 + 6 + 3 + 5 = Rs.23/- 

 

Problem-8 

Four different jobs are to be done on four machines, one job on each machine, as set 

up costs and times are too high to permit a job being worked on more than one 

machine. The matrix given below gives the times of producing jobs on different 

machines. Assign the jobs to machine so that total time of production is minimized. 

 

Solution:- 

    ROCM: 

 

         TOCM: 
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TOCM: 

    

TOCM: 

 

TOCM: 

 

Four lines are there hence we can make assignment. As there is a tie, we have more 

than one solution. 
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Solution-I:-  

       TOCM: 

 

Assignment: P to A, Q to B, R to C and S to D. 

Time: 10 + 10 + 20 + 06 = 46 hours. 

 

Solution-II:-   

TOCM: 

 

Assignment:- P to B, Q to C, R to A and S to D. Time: 14 + 18 + 8 + 6 = 46 hours. 

We can write many alternate solutions. 

 

 

Problem-9.  

On a given day District head quarter has the information that one ambulance van is 

stationed at each of the five locations A, B, C, D and E. The district quarter is to be 

issued for the ambulance van to reach 6 locations namely, P, Q, R, S, T and U, one 

each. The distances in Km. between present locations of ambulance vans and 

destinations are given in the matrix below. Decide the assignment of vans for 
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minimum total distance, and also state which destination should not expect 

ambulance van to arrive. 

 

Solution:-  

As the given matrix is not square matrix, balance the same by opening one dummy 

row (DR), with zero as the elements of the cells. 

 

As every column has got one zero, we can take it as COCM. Now doing row 

operation on COCM, we get TOCM.  

TOCM: 

. 
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As there are only four lines, we cannot make assignment. 

 TOCM: 

 

As there are four lines, we cannot make an assignment. 

             

As there are only 5 lines we cannot make assignment. 

          

As there are 6 lines, we can make assignment. As there is a tie, we have 

alternate solutions. 
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Assignment:- A to P, B to R, C to T, D to U, E to S and DR to Q. i.e the van at Q 

will not go to any destination.  

Total Distance:- 18 + 18 + 18 + 20 + 15 = 89 Km.  
 

Other alternative assignments are: 

 

 

Brain tonic:  

a) In case the cost of dispatching an ambulance is 3 times the distance, determine 

the assignment of ambulances to destinations.  

b) In case the operating cost of a van is proportional to the square of the distance 

decide the assignment. 

(Note: a) By multiplying the entire matrix by 3 we get the cost matrix. This does  

                  not have any effect on the final solution. Hence the same solution will  

                  hold good. 

  b) We have to write the elements by squaring the elements of the original  

       matrix and make fresh assignment.) 
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Problem-10. 

 A job order company has to work out the assignment of 5 different jobs on five 

different machines. The cost of machining per unit of job and set up cost of the job 

on a machine are as given in the matrix A and B given below. The jobs are to be 

made in bathe sizes show against them. Set up cost is independent of previous set 

up. Matrix A. (Operating cost in Rs.) 
 

 
 

Matrix B (Set up cost in Rs.) 

 
 

Solution:-  

Multiply the Matrix A by 100 and add it to the matrix B we get the matrix given 

below. For the element SA as nothing is given, we can eliminate it for further 

consideration or assign a very high cost for the element so as to avoid it from 

further calculations. 
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    ROCM: 

 

      TOCM: 

 

 
 

Assignment:- P to A, Q to D, R to C, S to B and T to E.  

Total cost = 140 + 100 + 190 + 250 + 190 = Rs.870/- 
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Problem-11. 

 There are five major projects namely, Fertilizer plants, Nuclear power plants, 

Electronic park, Aircraft complex and Heavy machine tools. These five plants are to 

be assigned to six regions namely A, B, C, D, E and F, insisting on allocation of as 

many number of projects as possible in their region. The state department has 

evaluated the effectiveness of projects in different regions for 

  (a) Employment potential,  

  (b) Resource utilization potential,  

  (c) Economic profitability and 

  (d) Environmental degradation index as given below in Tableau I. (The 

ranking is on a 20 point scale). Assign one project to one region depending on the 

maximum total effectiveness. (Plants are given serial numbers 1 to 5) 

 
 
 

Solution:-  

In this problem, for maximization of total effectiveness, the first three i.e. 

Employment potential, Resource utilization potential and economic profitability 

index are to be added and the environmental degradation is to be subtracted from 

the sum to get the total effectiveness. Once we get the effectiveness matrix, then the 

projects are to be assigned to the regions for maximization of total effectiveness.  

 

The total effectiveness matrix: (Note: The matrix is of the order 5 × 6, hence it is to 

be balanced by opening a dummy column - DC). The first element of the matrix can 

be worked out as: 16+7+11–15=19. Other elements can be worked out similarly. 
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Total effectiveness matrix: 

 

As there is a dummy column the same matrix may be considered as ROCM. By 

deducting all the elements of a column from the highest element of the column, we 

get the Total Opportunity Cost Matrix. 

 

TOCM: 

 

Allocation:-  

Fertilizer: C, 

Nuclear Plant: F,  

Electronic Park: B,  

Aircraft Complex: A,  

Heavy Machine Tools: E 
 
 

SCHEDULING PROBLEM 

 Now let us work scheduling problem. This type of problems we can see in 

arranging air flights or bus transport or rail transport. The peculiarities of this type 

of problem is that one flight / train / bus leaves form a station with some flight 

number / train number / bus number. After reaching the destination, the same plane 

/ train/bus leaves that place (destination) and reaches the hometown with different 
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number. For example plane bearing flight number as 101 leaves Bangalore and 

reaches Bombay and leaves Bombay as flight number 202 and reaches Bangalore. 

Our problem here is how to arrange a limited number of planes with crew / trains 

with crew / bus with crew between two places to make the trips without 

inconvenience, by allowing required lay over time. Lay over time means the time 

allowed for crew to take rest before starting. 
 
 

Problem-1 

For the following Airline time table between Banglore and Mumbai it is required to 

pair to and for flights for the same crew, so as to minimize the lay over time of the 

crew on ground away from Headquarters. It is possible to assign Banglore or 

Bombay as the head quarter. Decide the pairing of flights and headquarters of the 

concerned crew. It is stipulated that the same crew cannot undertake next flight, 

within one hour of the arrival. That is one hour is the layover time. 
 

 
 

Solution:- 

Now let us consider the layover times separately for crew based at Mumbai and 

crew based at Bangalore.  

Let us consider one flight and discuss how to calculate layover time. For example, 

flight No. 101 leaves Mumbai at 6.30am and reaches Bangalore at 7.45am. Unless 

the crew takes one our rest, they cannot fly the airplane. So if the crew cannot leave 

Bangalore until 8.45 am. So there is no chance for the crew to go for flight No. 102. 

But they can go as flight Nos. 103, 106, 108 and 110. As we have to minimize the 

flyover time, we can take the nearest flight i.e. 103. The flight 103 leaves Bangalore 

at 11.00 am. By 11.00 am the crew might have spent time at Bangalore from 7.45 

am to 11.00 am. That is it has spent 3 hours and 15 minutes. If we convert 3 hours 

and 15 minutes in terms of quarter hours, it will become 13-quarter hours. Similarly 

the flight 102 which arrives at Mumbai at 8.00 a.m. wants to leave as flight 101 at 
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6.30 a.m. it has to leave next day morning. Hence the layover time will be 22 hours 

and 30 minutes. Likewise, we can work-out layover time for all flights and we can 

write two matrices, one for crew at Mumbai and other for crew at Bangalore. 

 
     Tableau I. Lay over time for Mumbai based crew: 

                    Flight numbers. (Quarter hours) 

 
 

                                                           Tableau II. Lay over time for Bangalore based crew: 
 

 

The matrices can be multiplied by four to convert decimals into whole numbers for 

convenience of calculations. 
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Layover time of crew stationed at Bangalore. (*) 

 

Now let us select the minimum elements from both the matrices and write another 

matrix with these elements. As our objective is to minimize the total layover time, 

we are selecting the lowest element between the two matrices. Also, let us mark a * 

for the entries of the matrix showing layover time of the crew at Bangalore. 

Matrix showing the lowest layover time  

(The elements marked with * are from Bangalore matrix)  

 

 ROCM:  

As every column has got a zero, this may be considered as TOCM and 

assignment can be made. Note that all zeros in the matrix are in independent 

position we can make assignment. 
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Assignment and pairing: 

 

Total Layover time is: 3.25 + 1.00 + 3.50 + 3.0 + 17.50 = 28 hours and 15 minutes. 

 
 

Problem-2 
 An airline that operates seven days a week has the timetable shown below. Crews 

must have a minimum layover time 5 hours between flights. Obtain the pairing of 

flights that minimizes layover time away from home. For any given pairing, the 

crew will be based at the city that results in the smaller layover. For each pair also 

mention the town where crew should be based. 

 

Let us write two matrices one for layover time of Chennai based crew and other for 

Bangalore based crew. 

As explained in the problem 11 the departure of the crew once it reaches the 

destination, should be found after taking the minimum layover time given, i.e. 5 

hours. After words, minimum elements from both the matrices are to be selected to 

get the matrix showing minimum layover times. Finally, we have to make 

assignment for minimum layover time. Layover time for Chennai based crew in 

hours.  
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Tableau I. 

 

Layover time for Bangalore based crew in hours. 
Tableau I. 

 
 

Minimum of the two matrices layover time. The Bangalore based times are marked 

with a (*).  
Tableau I. 

 
 

The elements with two stars (**) appear in both the matrices. 

ROCM: 
Tableau I. 
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TOCM: 

 
 

 
 

Assignment:- 
 

 
 

Total layover time: 10 + 22 + 20 + 5 = 67 hours. 
 



         ֎NN 
162 

Traveling Salesman Problem 
Just consider how a postman delivers the post to the addressee. He arranges all the 

letters in an order and starts from the post office and goes from addressee to 

addressee and finally back to his post office. If he does not arrange the posts in an 

order he may have to travel a long distance to clear all the posts. Similarly, a 

traveling sales man has to plan his visits. Let us say, he starts from his head office 

and go round the branch offices and come back to his head office. While traveling 

he will not visit the branch already visited and he will not come back until he visits 

all the branches. 

 

There are different types of traveling salesman's problems. One is cyclic problem. 

In this problem, he starts from his headquarters and after visiting all the branches, 

he will be back to his headquarters. The second one is Acyclic problem. In this 

case, the traveling salesman leaves his headquarters and after visiting the 

intermediate branches, finally reaches the last branch and stays there. The first type 

of the problem is solved by Hungarian method or Assignment technique. The 

second one is solved by Dynamic programming method. 

 

Point to Note: The traveling salesman's problem, where we sequence the cities or 

branches he has to visit is a SEQUENCING PROBLEM. But the solution is got by 

Assignment technique. Hence basically, the traveling salesman problem is a 

SEQUENCING PROBLEM; the objective is to minimize the total distance traveled. 

 

Problem: 
A salesman stationed at city A has to decide his tour plan to visit cities B, C, D, E 

and back to city A I the order of his choice so that total distance traveled is 

minimum. No sub touring is permitted. He cannot travel from city A to city A itself. 

The distance between cities in Kilometers is given below: 

 

Instead of big M we can use infinity also. Or any element, which is sufficiently 

larger than all the elements in the matrix, can be used. 
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Solution:- 

 

COCM: 

 
TOCM: 

      
 

We can make only 4 assignments. Hence modify the matrix. Smallest element in the 

uncovered cells is 3, deduct this from all other uncovered cells and add this to the 

elements at the crossed cells. Do not alter the elements in cells covered by the line. 
 

TOCM: 

      
 
 

We can make only 4 assignments. Hence once again modify the matrix 

Sequencing: A to C, C to B, B to E, E to D, and D to A. As there is a tie 
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     TOCM: 

 
 

Sequencing: A to C, C to B, B to E, E to D and D to A. as there is a tie 

between the zero cells, the problem has alternate solution.  

The total distance traveled by the salesman is: 18 + 14 + 14 + 11 + 12 = 69 Km. 

A to C to B to E to D to A, the distance traveled is 69 Km.  

Note: See that no city is visited twice by sales man. 
 
 

Problem: 

Given the set up costs below, show how to sequence the production so as to 

minimize the total setup cost per cycle. 

 

 

Solution:- 
 

         COCM: 
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TOCM: 

 

We can draw five lines and make assignment.  

The assignment is: 

 From A to E and From E to A cycling starts, which is not allowed in salesman 

problem. Hence what we have to do is to select the next higher element than zero 

and make assignment with those elements. After assignment of next higher element 

is over, then come to zero for assignment. If we cannot finish the assignment with 

that higher element, then select next highest element and finish assigning those 

elements and come to next lower element and then to zero. Like this we have to 

finish all assignments. In this problem, the next highest element to zero is 1. Hence 

first assign all ones and then consider zero for assignment. Now we shall first assign 

all ones and then come to zero. 

 

TOCM: 

 

The assignment is A to B, B to C, C to D and D to E and E to A. (If we start with 

the element DC then cycling starts.  

Now the total distance is 5 + 3 + 4 + 5 + 1 = 18 + 1 + 1 = 20 Km. 

The ones we have assigned are to be added as penalty for violating the assignment 

rule of assignment algorithm. 
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Problem: 
Solve the traveling salesman problem by using the data given below: 

C12 = 20, C13 = 4, C14 = 10, C23 = 5, C34 = 6, C25 = 10, C35 = 6, C45 = 20 and Cij = Cji . 

And there is no route between cities 'i' and 'j' if a value for Cij is not given in the 

statement of the problem. (i and j are = 1,2,..5) 

 

Solution:- 

 
 

Now let us work out COCM/ROCM and TOCM, and then make the assignment. 

   TOCM: 

 
The sequencing is: 1 to3, 3 to 4, 4 to 1 and 1 to 3 etc., Cycling starts. Hence we 

shall start assigning with 1 the next highest element and then assign zeros. Here also 

we will not get the sequencing. Next we have to take the highest element 8 then 

assign 1 and then come to zeros. 

           TOCM: 

 
Sequencing is: 1 to 3, 3 to 2, 2 to 5, 5 to 4 and 4 to 1. 

The optimal distance is : 4 + 10 + 5 + 10 + 20 = 49 + 1 + 8 = 58 Km. 
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Problem: 
A tourist organization is planning to arrange a tour to 5 historical places. Starting 

from the head office at A then going round B, C, D and E and then come back to A. 

Their objective is to minimize the total distance covered. Help them in sequencing 

the cities. A, B, C, D and E as the shown in the figure. The numbers on the arrows 

show the distances in Km. 

 

 
Solution:- 

         The distance matrix is as given below: 

          
COCM: 

 
 

TOCM:  
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TOCM: 

 
TOCM: 

 
The sequencing is: A to B, B to C, C to D, D to E and E to A.  

The total distance is: 20 +30 +15 + 20 + 10 = 95 Km. 
 

SENSITIVITY ANALYSIS 

In fact there is very little scope for sensitivity analysis in Assignment Problem 

because of the mathematical structure of the problem. If we want to avoid high cost 

assigning a facility ( i th) to a job (j th), then we can do it by giving a cost of 

assignmentt say infinity or Big M to that cell so that it will not enter into 

programme. In case of maximization model, we can allocate a negative element to 

that cell to avoid it entering the solution. Further, if one facility (man) can do two 

jobs i.e. 2 jobs are to be assigned to the facility, then this problem can be dealt with 

by repeating the man's or facility's column and introducing a dummy row to 

maintain the square matrix. Similarly, if two similar jobs are there, write two 

identical rows of the two jobs separately and then solve by making a square matrix. 

Besides these, the addition of a constant throughout any row or column does not 

affect the optimal solution of the assignment problem. 
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Differences between Transportation Problem and Assignment Problem 
 

Transportation Problem Assignment Problem 

1. The problem may have rectangular 

matrix or square matrix. 

 

2. The rows and columns may have 

any number of allocations depending 

on the rim conditions. 

 

 

3. The basic feasible solution is 

obtained by northwest corner method 

or matrix minimum method or VAM. 

 

 

4. The optimality test is given by 

stepping stone method or by MODI 

method.  

 

 

5. The basic feasible solution must 

have m + n – 1 allocations.  

 

 

6. The rim requirement may have any 

numbers (positive numbers).  

 

7. In transportation problem, the 

problem deals with one commodity 

being moved from various origins to 

various destinations. 
 

 

8. The problem is unbalanced if the 

total supply and the total demand are 

not equal 

1. The matrix of the problem must be a 

square matrix. 

 

2. The rows and columns must have one 

to one allocation. Because of this 

property, the matrix must be a square 

matrix 

 

3. The basic feasible solution is 

obtained by Hungarian method or 

Flood's technique or by Assignment 

algorithm. 

 

4. Optimality test is given by drawing 

minimum number of horizontal and 

vertical lines to cover all the zeros in 

the matrix.  

 

5. Every column and row must have at 

least one zero. And one machine is 

assigned to one job and vice versa.  

 

6. The rim requirements are always 1 

each for every row and one each for 

every column. 

 

7. Here row represents jobs or machines 

and columns represents machines or 

jobs. 
 
 

8. The problem is unbalanced if the 

total if the cost matrix is not a square 

matrix 
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SUMMARY  
The assignment problem is used for the allocation of a number of persons to a 

number of jobs so that the total time of completion is minimized. The assignment 

problem is said to be balanced if it has equal number of person and jobs to be 

assigned. If the number of persons (jobs) is different from the number of jobs 

(persons) then the problem is said to be unbalanced. An unbalanced assignment 

problem can be solved by converting into a balanced assignment problem. The 

conversion is done by introducing dummy person or a dummy job with zero cost.  

Because of the special structure of the assignment problem, it is solved by using a 

special method known as Hungarian Method. 

 
KEY TERMS 

 Cost Table: The completion time or cost corresponding to every assignment 

is written down in a table form if referred as a cost table. 

 Hungarian Method: is a technique of solving assignment problems. 

 Assignment Problem: is a special kind of linear programming problem where 

the objective is to minimize the assignment cost or time.  

 Balanced Assignment Problem: is an assignment problem where the number 

of persons equal to the number of jobs.  

 Unbalanced Assignment Problem: is an assignment problem where the 

number of jobs is not equal to the number of persons.  

 Infeasible Assignment Problem: is an assignment problem where a 

particular person is unable to perform a particular job or certain job cannot be 

done by certain machines. 

 
֎֎֎֎֎֎֎֎֎֎֎֎֎֎֎֎ 
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